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ON CERTAIN NUMERICAL INVARIANTS OF ALGEBRAIC VARIETIES 
WITH APPLICATION TO ABELIAN VARIETIES 

BY 

SOLOMON LEFSCHETZ 
(Continued from p. 406) 

§ 3. The characteristic equation is irreducible and Abelian 

90. The first problem which presents itself is that of the determination of 
the indices. This determination will result from the following theorem: 
In order that the matrix 

fi= \\l,ai,a^, ■•■,a}^'\\ (i = l,2, ••■,p), 

where the (a)'s are roots of an irreducible Abelian equation F (a) = with 
aj = ap+j , be impure, it is necessary and sufficient that the group G of the equa- 
tion contain a subgroup G' maintaining the set ay, a^, • • • , ap invariant. 

In order that fl be impure it is necessary and sufficient that there exist a 
pair of non-conjugate roots (am, an) which cannot be deduced from a pair 
of roots with indices ^ p by any substitution of G . We shall have «„ = Uom , 
where U is a, well-defined substitution of G. If a, is a root of index < p, 
there will exist a substitution T such that am = Taj . The root T~^ an must 
not be one of the roots ai, a^, • • ■ , a^, hence it is the conjugate Saic of a 
root a J; of index k < p , that is 

Sak = T~^ a„ = T~^ Uom = T^^ TJTaj = Uaj , 

and hence ak = S~^ Uaj = SUaj. This shows that the set ai, a^, • • • , ap 
is transformed into itself hy SU which is not the substitution unity, ii U y^ S , 
as is actually the case since am ^ an- The condition is therefore necessary. 
On the other hand, if a substitution T (which cannot be S) maintains 
invariant the set ai, a2, ••■ , ap, I say that the pair of roots (ay, ak) 
ij , k ■^ p) cannot be permuted with a pair {au, STan) ■ To begin with, 
this is equivalent to affirming that it cannot be permuted with {aj, S Taj ) . 
For if aj = T' ah, the pair {ah, S Tah ) can be permuted with ( aj , T'S Tan ) 
or {aj , S Taj ) . Assume then that there exists a substitution U oi G permut- 
ing {aj, ak) with this last pair. Since G is Abelian it possesses no other 
substitution than the identity maintaining a root invariant. Now U is 
certainly not the identity for then we would have a^ = STaj, which is im- 
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possible for ST permutes the set ai, 0:2, • ■ • , ap with a^+i, ap+2, • • • , a2p, 
and hence k > p contrary to our assumptions. We must therefore have 
STaj = Uaj, a, = Uak, and consequently TJ = ST , aj — STa^, which leads 
to a similar contradiction: j > p. It follows that G may not contain any 
substitution such as U . There is then a pair of conjugate roots which may 
not be derived from those of indices ^ p by substitutions of G, and fi is 
impure, as was to be proved. 

91. Let n be the order of G' , assumed now to be the maximum subgroup 
maintaining invariant the set of multipliers ai , a^ , ■ ■ • , ap . G' does not 
contain S , hence the product of G' by S is a subgroup of order 2w of G. It 
follows that 2n divides the order 2^3 of G, and therefore n divides p. The 
roots ai, ai, • • • , aip can be subdivided into 2p' sets of n roots, each set 
being composed of the roots derived from one of them by the substitutions of 
G' . Of these sets, p' , say ( ai , a^, ■ • • , a„ ) , ( a„+i , ■ • • , a^n) , • ■ • , 
(a(p'_i)„4-i, • • • , ap'n) , form the set of p multipliers. 

Let us designate by ^1, ^2, • • • , Ap' these sets of roots, and by Ap'+j the 
set formed by the conjugate roots of those which compose Aj . Any substitu- 
tion of G which does not belong to G' merely permutes the (^)'s among 
themselves. Moreover there exists none maintaining invariant the set {Ai, 
At, • • • , Ap') for otherwise G' would not be the maximum subgroup main- 
taining invariant the set of multipliers {a\, a^, • • • , ap) . The group 
G" = G/G' of permutations of the (^1 )'s is also Abelian and we can apply to 
G" and the (^)'s the same reasoning as before to G and the (a;)'s. In 
particular the pai s {Aj, Ap'+j) are the only pairs which may not be derived 
from the pairs {Aj, Ak) of indices j, ^" = x>' , by the substitutions of G" . 
Let then aj , ak be a pair of roots and Aj' , A^' the (^)'s to which they 
belong. If the difference j' — h' 9^ ± p' > there exists a substitution of G" 
permuting the pair {Aj' , Ak') with a pair {Aj" , Ak") of indices/', k" = p' . 
This substitution permutes {aj, ak) with a pair of roots of indices Si p and 
{aj, ak) is not an excluded pair. Moreover, in order that (ay, at) be not 
excluded, it is necessary that {Aj' , Ak') be permutable with a pair {Aj" , 
Ak") , {j" , k" ^ p') , which requires that j' — k' 9^ ± p' . Hence, the only 
pairs excluded are those for which j' — A:' = ± p' and these pairs are all 
effectively excluded. Their number is p -\- t = v? p' = np , and therefore 

finally 

I + h = 2{1 +k) = 2np. 

Remark: Let there be a set of roots a^, ai, • ■ • , ap+qn , composed oi p' -\- q 
groups Ai, say Ai, A^, ■ • • , Ap'+q. Then from the pairs of roots (a,-, ak) 
of indices j , fc = p + gn , we may certainly derive all pairs of roots without 
exception. This is an immediate consequence of the fact that among the 
(^ )'s of the above set there are at least two whose indices differ by p' . 
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92. We shall now endeavor to obtain the structure of Q when it is impure. 
For this purpose let 

^q, s = Q;(5-l)n+l + a(j_l)„+2 + • • • + CXqn 

and observe that is isomorphic to a matrix 12' whose p' first rows are 

/3l, 1, /3l, 2, • • ■ , ft, 2p 

ft, 1, ft, 2, • • • , 



Pp', I > ' ' ' > ■ ■ ■ I Pp', 2p • 



The ( i3 ) 's are invariant under the substitutions of G' and those belonging to 
the same index s are permuted among themselves by the substitutions of G" . 
Consider, then, the equations in the unknowns n.; 

Wlft, 1 + n2 ft, 2 + • • • + n2pft, 2p = (S = 1, 2, ••-, 2p'). 

The array of the coefficients is composed of 2p' rows derived from the deter- 
minant which may be formed with the periods of 0' and their conjugates, 
hence the array is of rank 2p' and these equations are independent. Since 
G merely permutes them among themselves, they possess 2 ( p — p') inde- 
pendent rational solutions, and fi' and hence is isomorphic to a matrix 

II w, 1 

li 0, fill ' 

w = II ft-, A, , Pj,h,, ■•• , ft-, V II (j = 1 , 2, • • • , p' ) , 

the indices hi, hi, ■ ■ ■ , h^p' being chosen so that there exists no relation 

di ft-, h^ + di ft-, ;,j + • • • + dip' ft-, ^2/ = 

with integer coefiicients di . For every other ft-, s there will exist a relation 

ft-, s = ei ft-, hi + 62 ft-, h,+ ---+ e^p' ft-, hi^, (i = 1 , 2, • ■ • , 2p' ) , 

where the (e)'s are rational. Hence an arbitrary rational function of the 
(a)'s belonging to the group G" is of the form 

|3i = ci ft, A, + C2 ft, Aj + • • • + C2p' ftp', hi, 

where the (c)'s are rational numbers and the 2p' — 1 conjugate values 
ft, ft» • • • ) ftp' of the algebraic domain determined by the multipliers are 
given by 

ft- = Cl ft-, h + C2 ft-, h,+ ■■ ■ + C2p' ft-, V • 

We then have ft-, h, = Qsi^j) , where the {gYs are polynomials of degree 
2p' — 1 at most with rational coefficients and w is therefore isomorphic to 

ll^i(ft),?2(ft), •••,£/2p'(ft) II a = i,2, ..■,p'), 
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and finally to 



l,ft-,/3? 



, ^f '-1 



(i = i,2, 



V'). 



Now /3i , /32 , • ■ ■ , /32p' are roots of an irreducible Abelian equation of order 
2p' whose group is G" and no subgroup of G" maintains the set (/3i, (i^, 
• • • , |3p' ) invariant, this always because G' is the maximum subgroup of G 
maintaining invariant the set (ai, ai, ■ • ■ , dp) . Hence w is pure and its 
indices h' , k' are given hy 1 + h' = 2 {1 + k' ) = 2p' . As to , it is iso- 
morphic to a matrix 

•, 



0, 



0, 

CO, 



03 



with n terms in the principal diagonal, as results from the fact that the reduc- 
tion to the type (II) is unique. For its invariants we have then 



hence 



1 + A = n^l + h') = 2n''p'; 
1 + h = 2il + k) = 2n^p' = 2np , 



as we have already shown in a different manner in No. 91. 

93. The multiplications of can be found without difficulty and in fact in 
two different ways. For let a:;„+i, ai„+2, • • • , oiu+Dn be again a set of multi- 
pliers permuted by the subgroup G' of order n. The system of numbers 'kjk 
given by the array 

^1, 0, •••,0 
0, E,, ■■■, 



Et, 



E 



»+i 



giiain+i), giicxin+i), 

Qn ( ain+2 ) , g\{ Olin+i ) , 



gn {(Xin+l) 
gn-l{cXin+2) 



giiaa+Dn) , g3i<X(.i+l)n) , 



fi'l(«Ci+l)n) 



where the (g')'s are arbitrary polynomials of degree 2p — 1 with rational 
coefficients, defines a complex multiplication, and as we have here a linear 
system with 2np = 1 + h parameters, every multiplication is of this type. 

We may also obtain the multiplications in a different manner. The multi- 
plications of the matrix Q' to which fl was reduced in No. 92, which depends 
upon those obtained by transforming the submatrix co into itself or into another 
like it, are of the general type || E^^ || (m, »- = l, 2, • • • , n), where the (-E)'s are 
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matrices representing multiplications of w , that is of the type 



E^^ = 



0, g^AM, •■•, 



where the {gYs are arbitrary polynomials of degree 2p' — 1 with rational 
coefficients. As we have here again 2n^ p' = 1 + h distinct multiplications 
of 0', all its multiplications are of this type. — On the other hand if A, A' 
are corresponding multiplications of Q , Q' , we have A' = MAM~^ , where M 
is a definite square matrix of order p . Hence having obtained all the multi- 
plications of one of them, we may say that we also possess all those of the other. 
It is of interest to consider the multipliers rjj of Aj which are the same as 
those of A' . The latter being assumed as the multiplication written above, 
on forming the equation in the (?;)'s, we see at once that it is obtained by 
multiplying the left-hand sides of the p' equations of degree n 

<i>{r, ?i) = \g^y{^i) - Smv'?! = 

(i = 1, 2, ••• , p'; II, V = 1,2, ••• ,n; ty.v=\; e^^ = 0, it t^ v) , 

where <^ is a polynomial in rj and /?»■ with rational coefficients, and moreover 
the conjugates Vv+it Vp+i> •••> V^p oi the (r;)'s satisfy the equations 
4>(v> ^p'+i) = 0- Two cases may now present themselves: (a) These 2p' 
equations have all the same roots. Then ^ ( t? ; j8i ) =0 reduces to an equa- 
tion ^(i?) =0 in T] alone, of degree at most n . We can take for <{> an 
arbitrary polynomial with rational coefficients since Q' is equivalent to a 
matrix composed with arrays 

T = II ryi, Tji, ••• , Ty,2p'||, II 1, Vj, vh ••• , VT^W (i = 1,2, •••,?)), 

where m is an arbitrary root of ^ ( i? ) = , and the array t is composed of 
the matrix co superposed n times. Generally speaking we shall obtain all the 
multiplications of the nature here considered if we succeed in forming all the 
polynomials with rational coefficients g^^ (/?») such that the coefficients of the 
polynomial ^ (»?; fii)hxri are independent of j3i, that is, are rational numbers. 
(6) Among the 2p' equations in the multipliers ??s there are at least two whose 
roots are not the same. In this case the adjunction of one of the (j3)'s to the 
domain of rationality brings about the reduction of the equation in the multi- 
pliers if that equation is not reducible already. In particular, if the new 
multiplication does not transform into themselves certain submatrices and 
if it is of degree > n , the equation in the multipliers is necessarily reducible 
in the domain of rationality K{^i) , hence in the domain K{ai) . 

94. To complete this investigation it is necessary to compare from the point 



412 SOLOMON LEFSCHETZ [October 

of view of isomorphism two matrices 

fi = II 1 , a,^, a)^, ■■-, ajr II ; «' - || 1 , «,,, <, • • • , af^ jj 

{n = 1,2, ■■ ■ ,p), corresponding to the same equation F (a) = . 

In order that fl, fl' be isomorphic there must exist a simultaneous bilinear 
form 

By reasoning as at the beginning of § 2, we see that we must have 

22 c^, ( ar' ar^ - ar' ^r^ ) = o 

II., V 

whenever {aj, a;,) is a pair of roots derived from the pairs (ay„, auj) 
(m , n = 1 , 2 , ■ ■ • , p) , hy the substitutions of the group G . If the pairs 
thus derived include all pairs of roots, the system of equations will have as 
many independent equations as there are unknowns c^„ , and these unknowns 
will all be zero so that fl , fl' will not be isomorphic. 

Thus as a condition for isomorphism, we find that it must not be possible 
to derive from the pairs (a^, ah„) all the possible pairs of roots. Let 
{aq, ar) he an excluded pair and U , T substitutions of G such that ar — Ua^ , 
aj^ = Tag. It must not be possible for T to permute ar with an ah„, hence 
T must permute it with an ah„ , and therefore Tar = Sah„ ■ It follows that 
TUaq = Sah^ = Uaj^, which shows that SU permutes the set {aj^, aj^, 
■ ■ • , ajp) with the set (at^, ah^, ■ ■ ■ , ahp ) . Thus in order that Q and Q' 
be isomorphic, it is necessary that there exist a subgroup of G permuting 
these two sets. 

Conversely let T be a substitution permuting these two sets. No pair 
( ay, , ajij may be permuted with {am, S Ta^ ) ■ For let U be the substitution 
of G such that TJaj^ = «„ . We must have TJau^ = STom, hence an^ = STaj^ , 
from which would follow that au^ belongs to both sets («/,!, an^, ■ ■ • , a^^) , 
(aft, , ah^, ■■■, ahj,) — an impossibility. Hence 12, fl' certainly possess a 
simultaneous form. If they are pure this is sufficient to insure their iso- 
morphism. Assume that they are impure, and let w, w' be the corresponding 
pure matrices after the manner of No. 92, ft- , Pj the quantities analogous to 
those already designated by similar letters corresponding to these two matrices. 
It is seen at once that since the sets ( ay, , ay^ , • • • , ay^ ) , ( ah^ , <Xh^ , • • • , ah^ ) 
are permuted by some substitution of G , the subgroups which maintain them 
invariant coincide. Hence w, w' are of the same genus p', and the (j3)'s 
and (/3')'s can be taken as roots of one and the same irreducible equation of 
degree 2^' . Moreover to 

?i = a«0'-i) + (Xn(j-i)+i + ■ ■ • + a„y 
corresponds 

Pj = Tan(j-1) + Tan(j-l)+l + • • • + Tunj . 
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Hence the sets (/3i, (i^, •••, l3p') , (/Si, /32, •••, (3^') are permuted by a 
substitution of the group of the equation in the (i3)'s and therefore co, co' are 
isomorphic, from which follows that this is also the case for fl , fi' . Thus 
in order that Q , Q' be isomorphic, it is necessary and sufficient that there exist 
a substitution of the group G permuting their sets of multipliers. 

Corollary. The number of essentially distinct matrices belonging to F (a) is 
equal to its number of classes of transitively permutable sets of p roots. 

This ends the discussion of the case where F (a) is irreducible, Abelian. 

§ 4. Characteristic equation of type [f {a)Y = , r > 1 . (a) Generalities 

95. We assume of course /(a) irreducible and shall denote its degree as 
previously by q . The matrix S2 is composed with two arrays 

2 ... ^,9-1 II 



Tjl , Tj2, ■ • • , TjrW, \\1 , aj, aj , • • ■ , a 



(i = 1. 2, ••■, p; ^r = 2p), 

where the (a)'s are roots of /(a) = 0. We recall that if aj is real it must 
be double root of / = , hence r must be even. 

In order that 12 be a Riemann matrix it is necessary that there exist rational 
numbers c™", such that 

n 1 N S 2 C ( «r' af' rj, rn. - «r^ af^ r,v r, J = 

{j,h = 1,2, ■■■,v). 
Let us set 

We may say that the array r will possess the bilinear forms 

(12) Y^y^vioLj, ah)x,,y^ {j,h = 1,2, ■■■ ,p), 

in the sense that the particular form corresponding to ( aj , au ) must vanish 
when we replace in it the (a;)'s by the elements of the j-th row and the (2/)'s 
by those of the h-th. column. We shall say for the sake of simplicity that 
this form (12) is a bilinear form of 12 . 

In order that fl be a Riemann matrix, it is necessary besides that 

(13) H Ajh Xj Xh] Ajh = ^7,— 23 7^^ ( <xj , <Xh ) Tj^ Thy 

J, h Zl 

be a positive definite Hermitian form. We shall assume this condition ful- 
filled for the present and will return to it later. The relations thus imposed 
upon the elements of t do not determine them completely and they will 
depend in general upon a certain number of essential parameters. We have 
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thus classes of Riemann matrices and our object will be to determine the 
invariants of the most general matrix of a given class. 

96. Assume then that there exists a single form (12). What are the in- 
variants of Q? The numbers c™ corresponding to a given Riemann form 
must always satisfy the relations (11) and as the T^i^(ay, au) are uniquely 
determined up to a factor of proportionality necessarily rational in aj, an, 
we have 

J^cZaJ-'alr' = <i>jh{ai,ah)y^Aai,cih) U ^ h; j , h = 1,2, ■ ■ ■ , p) , 

m,n 

where 4>ih is a polynomial with rational coefficients. The left-hand side must 
be changed in sign when we interchange at the same time j , h and ix,v. Hence 

4>jh {aj, ah) = 4>jh {ah, aj) = 4>hj {ah, a,) , 

that is, 4)jh must be symmetrical in aj and a^. Moreover if the group G of 
f{a) = permutes the pairs {a,, ah) and (ay', ah'), then it is necessary 
that <^jh{x, y) = 4>i'h'{x, y) . Finally if there are equal roots among the 
multipliers ai, a^, ■ ■ • , ap, say aj = aj' — which is certainly the case \i r > 2 
■ — and if moreover the quantities 7^^ {aj, aj) are not all zero, we will have to 
consider a unique function 4>^ {aj) = (j)jj' { aj , aj') . This will certainly occur 
when the (a;)'s are all real, for then in order that (13) be definite none of the 
quantities Ajj must be zero, hence the expressions y,^^ { aj , aj) = 7^^ ( aj , aj ) 
must not all be zero either. 

Given the (7)'s and the ((A)'s, the numbers c™", when /x, j' are assigned, 
satisfy a system of non-homogeneous linear equations whose number is deter- 
mined thus: 

(a) Among the multipliers ai, ai, • • ■ , a-p two at least are equal. Let then 
5 be the number of pairs of distinct roots derived from the pairs aj , ah] j , 
A < p , by the substitutions of G . When ^ 5^ f there are 2s + q equations 
and when n = v there are s of them. 

{b) The multipliers ai , 0:2 , ■ • • , ap form without repetition the totality of 
the roots of / ( a ) = . This occurs only when p = q, r = 2. The number 
of equations is then q{q — 1) or|g(g — 1) according as n 9^ v or jj, = v . 

But as we have seen in § 2, the left-hand sides of the equations in the 
(c^^)'s, when these unknowns are considered as variables, are linearly inde- 
pendent. Hence when the (7)'s and the {<l>)'s are given we have a solution 
with 



t'~" 



^^mn 



arbitrary parameters in the first case and with g = p of them in the second. 
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It remains to determine the number of systems 

^;a> <I>A, ••• , 4>jh; 4>^ {oij) , (jy^ {aj) , ■ ■ ■ , (j)" (aj) 
such that there exist no relations 

n n 

J^\i(l>]h{cxj, ah) = 0, J^'kt 4)' (aj) = , 

where the (X)'s are rational numbers and where we must replace in the second 
relation «_,- successively by all the roots of /(a) = 0, and in the first (ay, au) 
by all the pairs of distinct roots, derived from those for which j , h S p , by 
the substitutions of G. Moreover, in case (6) or in case (a) when the 
Juip ( dj , aj ) are all zero we must make 4>{aj) = . Between the symmetrical 
functions af at + a" af of two assigned roots there must exist a certain 
number ti of linear homogeneous relations with integral coefficients, and 
these relations will still be satisfied by the symmetrical functions of two roots 
Taj, Tan, where T is an arbitrary substitution of G. The number ti of 
linearly independent symmetrical functions characterizes therefore not so 
much the pair (ay, an) as the set of pairs of roots which are transitively 
permutable with it by the substitutions of G , — and to each set of transitively 
permutable pairs of roots corresponds such an integer. Let finally e be a 
number = if (^ ( ay ) = and = + 1 if <^ ( ay ) 5^ . A very simple dis- 
cussion shows then that in case (a) 

1 + fc = eg + E «i + ' 
while in case (b) 

1 + fc = E^i + p- 

The determination of h can be made in a similar manner. If we assume the 
array t as general as possible, there will be no other relations between its 
elements than those which follow from the existence of (11). A non-alternate 
bilinear form must then correspond to the relations 

E E c «r' «r Tj^ r,, = u,h = i,2,---,v), 

111,71 IX,V 

whence we will derive as before 

(14) E C «T~' «r^ = <l>Jh {oij,ah)y^A aj ,ah), 

m, n 

where (j>jh is no more constrained to be symmetrical. We shall now have to 
consider as distinct the pairs of roots ( ay , a;, ) and {au, aj) , and in place of 
ti we shall be led to introduce an integer <' to denote the number of products 
aJ a\ between which there exists no linear relation with integral coefficients. 
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Finally, we have 

l + h = eq+Y.t'i + ^r^ (^) - ^1 

in case (a), e having the same meaning as previously, while in case (6) 

If there exists a non-identically zero solution of the equations (11) and (14) 
and the ( 7 )'s are not all zero, it will be necessary to add to h and h respectively 
the numbers 



']• 



^i-H, 2r^ 



in case (a), and the same number p in case (6). 

Remark: It is not difficult to extend these formulas to the case where fl 
possesses several bilinear forms of the type considered. However, the results 
obtained are not simple and it is preferable to establish them directly in the 
few cases where this extension will be needed. 

97. As an apphcation of the preceding considerations, consider the case 
where / ( a ) = is as general as possible and of degree q > 2 . The group G 
is then the symmetrical group, hence doubly transitive. There will then be 
a single integer ti = t and a single integer t'l = t' . To find t' observe that the 
equations in the unknowns dmn, 

(15) E d^„ aj-'^ af^ = U,h = 1,2, ■■■, q; j ^ h), 

possess q independent rational solutions. Hence there are 

g2-g = g(g-l) = f' 

products aj a\ between which there exist no linear relations with integral 
coefficients, and therefore \ -{- }i = q{q — \) -\- tq . The number of distinct 
symmetrical functions formed with the products 

a™ ttft {m,n < q) is equal to 5?(g — l)+g=2?(? + l)- 

But between them there are as many linear relations with integral coefficients 
as there are independent solutions of the equations in the unknowns dmn , 

T. dmnia"]-^ ar^ + a"-^ a'r^) = U,h = l,2, ■■■,q;j^h). 

But these equations are linear combinations of the equations (15), and 
the manner in which they have been obtained shows that they are 
independent like the equations (15) themselves. They possess therefore 
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^qiq -i- 1) — hqiq — i) = q independent solutions and hence 

14-/.-/- g(g+ 1) „ - g(g - 1) 
1 + k-t ~ - q ~ 

98. We shall now examine more closely the conditions of existence of fl. 
Let us return to the form (12). We may define two polynomials with integral 
coefiicients 

y',Ax,y) = j:d';:x"'-'y--\ 

by the relations 

y'^yiaj, ak) = y^vioi-i, oi-h) ( «_,■ , a*; are any two different roots) ; 

y'ij.v{oLj, aj) = Q; y'lvioij) = yiJ.v{oij, aj) (j = 1,2, ■ ■ ■ , 2p) . 

Consider the elements of a given row of t as homogeneous point coordinates 
in an Sr-i — this is the generalization of Scorza's habitual point of view. To 
the rj rows corresponding to aj (ry is the number of times that ay is found 
among the multipliers), say 

II I 

Tn> Tii, • • • , Tit 

T21, • • ■ • , 



I I 

■'"'■yl » ' ■ ■ ■ ) Tr^r 



will correspond an Sr,._i. The equations (11) can be interpreted as follows: 

(a) Sr~i and Sr^-i must be conjugate spaces relatively to the reciprocity 

12 y'^y^cij, oik)x^yy = 0. 

(b) Any two points of Sr_i are conjugate relatively to the linear complex 

1— r 

12 y'lv {oi})x^yy = . 

(c) In the Hermitian form (13) let us annul all variables corresponding to 
roots other than aj . The remaining expression is, with a change in the indices 
of the (x)'s, 

2 l-r, l-r _ 

-TyJl 1] 7f.^ ( ay ) ttj ) Thu, Tky Xh Xk . 

'^l h,lc ij.,p 

It must be positive for all non-zero values of the (a:)'s. Now it may be 
written 

2 l-r _ rj r, _ 

- lyllyi^viaj, ay) J2 ^ft»^ ^h 12 ^i" ^^' 
2/1 . 



' /*! V 
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which shows that this amounts to requiring that the Hermitian form 

1 "•■"■ _ 

be positive for all points of Sr—i ■ 

99. The condition (c) may be interpreted in two distinct ways according 
as aj is real or complex: 

(c') If aj is real it is equivalent to demanding that the real complex 

llylAoi3)x^y^ = 

contain no real straight line resting on Sr-i . 
(c") If aj is complex the Hermitian form 

must be positive at all points of Sr—i . 

The conditions (a), (b), (c'), (c") are necessary but may not be sufficient. 
Hence if there exist Riemann matrices for which these conditions but no 
others are fulfilled, these matrices will certainly be as general as possible of 
their type, and their invariants will be as small as possible. 

Returning to (c"), denote for the present by S/^—i the space corresponding 
to ay . The Hermitian form above may also be written 

2"- 22 Tm. ( a? . oij ) x^ X, = - 2^ X Tm- ( <^j > «y ) *M -iV • 

This shows that it must be positive at all points of Sr^-i and negative at all 
those of Sr~i, conjugate space of Sr^'_i. 

Now it is known from classical theorems on Hermitian forms that bj'^ means 
of a transformation 

r r 

v=l v=l 

our form may be reduced to the type 

where the (a)'s are real. If we consider the transformation on the (.t)'s as 
applied to the points of St,-i and of Sr~\, and that on the (x)'s to the points 
of Sr'j-i , we see that the mutual relations of the three spaces S , S' , S' , trans- 
formed of the three preceding, are again the same as before in regard to the 
new Hermitian form. Now however we have the advantage that the new form 
takes the same sign at S' and S' , so that we have this situation: The spaces 
S and S' are conjugate with respect to the reciprocity obtained by making the 
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Hermitian form vanish, and the form takes the sign + on the one and the 
sign — on the other. We shall see later that this requires that r = ry + r'- . 
Hence the transformed form must not be degenerate and this holds also for 
the original one. 

100. Let us make a few remarks concerning the equation / ( a ) = when it 
has mixed real and complex roots. We may show that in this case the integers 
Tj cannot in general be taken arbitrarily. For assume that the group G of the 
equation is doubly transitive, that is, permutes transitively all the pairs of 
roots. If one of the reciprocities 

is degenerate so will all the others be, since when the determinant 

W^vioij, au)\ (m, " = 1,2, ■■■,r) 

is zero for a pair of distinct roots, it will be zero for all of them. But as we 
have just seen this reciprocity is certainly not degenerate for ay = ak, hence 
it is never degenerate when ay j^ a* . 

Assume now ay real, a* still complex. Sr^_i and Sr^-i are conjugate relatively 
to the non-degenerate reciprocity 

Hy',.v{oLj, ak)x^y^ = 0, 

hence ry — 1 + r^ — 1 = r — 2. But ry = |r, hence Tk = I'" a-lso. Thus 
all the (r)'s must have the value ^r, that is, among the multipliers must be 
found every root of / ( a ) = taken the same number of times. 
Let us return to the Hermitian form 

It will have one sign on Sr-i and another on SrJ-i • Hence, as we shall see 
below, the equation of degree r in 5 , 

must have Jr positive roots and |r negative roots. There is here considerable 
restriction imposed upon the form (12). 

An interesting case of mixed equation has been investigated by Frobenius, 
— the case of the characteristic equation of a principal transformation. 
Frobenius does not give himself an arbitrary equation / ( a ) = but assumes 
a definite Riemann projectivity and starts from the equation 

\b^^ - ti,v-oi\ = 0, 

showing that, given such an equation, there always corresponds to it a suitable 
Riemann matrix. 
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101. Before continuing, let us examine rapidly the lower limits which may 
be assigned to h and k in some simple cases. First, if the multiplication has 
real multipliers, we will have necessarily e = 1 , on account of (6) and (c') , 
hence l-\-h^q, 1 -\- k'^ q. Assume the multipliers all imaginary, hence 
q = 2q' . According to (a) and (c") the expressions 7^^ (ay, «_,) must not all 
be zero. The group G oi f{a) = may permute transitively a pair ( aj , aj ) 
with other pairs of roots. — Let {a'l, a") , ■ ■ ■ , {a^" , a"") be one of the sets 
thus transitively permuted and including a pair of conjugate roots. We have 
J2 q" = q' and the (q'")'s are all > 1 , if 9 > 2, else/ (a) would be reducible. 
There can be no such relation as 

2 Cmn aP dC =0 (i, /i = 1, 2, • • • , 2"), 

since the Vandermonde determinants of the (a')'s and (a;")'s are not zero. 
Similarly there can be no such relations as 

X) Cmn(a'- d'h -\- OLj dl )=0 {i,h = 1,2, ■■■ ,q"). 

Hence 

and therefore li q> 2, 1 -\-k,> \q. Moreover since there are obviously q 
independent multiplications — namely q powers of the given one — we have 
1 -\- h ^ q. These limits are obviously correct a fortiori if S2 is impure with 
submatrices invariant under the Riemann projectivity considered. In par- 
ticular A; = , A > is possible only if / ( a ) = is a quadratic equation with 
imaginary roots. We shall return to this later. 

§ 5. The characteristic equation is of type [ f {a) Y = . (b) Two important 

special cases 

102. Real multipliers* (r = 2p' >2). When the multipliers are real, 
the integers Tj are all equal to p' and the only conditions to be satisfied are 
(b) and {c'). By a slight change in our notation we may say that it is first 
necessary that the points of Sr—i be conjugated to each other with respect to 
the linear complex 

1...2y' 

(16) 22 T^c. (ay)a;„2/. = 0. 

Next at all points of Sr—i we must have 

- 2^ Z) T«. ( aj )x^x, > 0. 



(Added in 1922.) See Comptes Rendus du Congres de Strasbourg (1921). 
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Consider the matrix 

Tj = il tIi, tU, ■■■ , tI, 23,' II (i = 1, 2, •••, p'), 

formed with the rows of t which correspond to ay . The last condition just 
stated is equivalent to requiring that the Hermitian forms 

1---P 1 1---2P' 

(17) 'E, AikXhXk, Ah = -—'^ y^^iaj)Ti^Tl 

be definite positive. Under these conditions I say that (16) defines a principal 
Riemann form of . For we may determine a Riemann form 

Z) ^^v ( ay > Oik ) x^ 2/. . 
with coefficients 5^^ satisfying the relations 

6^^ {aj , at:) = {a, 9^ at), 

since the equations for the coefficients of the polynomials 5^^ always have 
at least one rational solution. On the other hand the Hermitian form corre- 
sponding to this Riemann form reduces to the sum of the forms (17), — it is 
therefore definite positive. 

We may remark that in all cases if (16) corresponds to a non-principal- 
alternate form, the corresponding Hermitian form is the sum of the q forms 
(17), hence its genus is the sum of their genera. 

Let us return to tj . It is clear that the conditions imposed upon this 
matrix are identical with the conditions imposed upon a Riemann matrix of 
genus p' , except that the coefficients of the principal alternate form which 
occurs in the definition of these matrices are only subjected to being numbers 
of the algebraic domain K{aj) but not necessarily rational numbers. We 
may say that tj is a Riemann matrix belonging to this algebraic domain. 

103. By a transformation of coordinates with coefficients rational with 

respect to those of the complex (16), that is, with coefficients belonging to the 

domain K{aj) , we may reduce the equation of this complex to the form 

p' 

He^{aj){ x^ yp'+^ - Xp'+^ y^ ) , 

where the (e)'s are numbers of the same domain.* This is equivalent to 
applying a certain transformation of isomorphism upon Q, . By following up 
this transformation with q others applied each to the rows of tj , we shall reduce 
Tj to the form 



(ei(ay)) S 0, •••, 0, ail, ai2, •••, a\ 

0, (e2(ay))"^ •••, 0, all, ak, •••, 

0, • •••, {ep'{aj))-^, a^'i, • •••, 



p 



' See for example Bertini, Lezzioni sulla geometria proiettiva degli iperspazi, page 106. 
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and if we set aik = a'nk + ialk it is necessary that the quadratic forms 
23 alk Xh yu be all definite positive. 

The class of matrices thus obtained depends upon ^qp' (p' + l) =^p(r + 2) 
continuous parameters, and qp' = p arbitrary integers — the integers which 
enter into the composition of the (e)'s, where we may assume the coefficients 
of the powers of the (a;)'s equal to integers. 

The invariants of the most general matrices of the class here considered 
are given by 

l+h=l+k = q, 

since with the notations of § 4, the (<;&j,a)'s are zero, 5 = (|) and the expres- 
sions (t>{aj) are not zero. 

104. Most of the properties of ordinary Riemann matrices belong also to 
those of the domain K (aj) . Let us indicate a few of them as well as their 
corollaries for Q . 

Assume that there exist 1 + ^'i linearly independent complexes such as 
(16), say 

belonging to 12 . The equations in the coefficients c™" of the alternate forms of 
fi, analogous to the equations (14), become 

2 C «r""' = Z' <^^ ( «y )Y.A ay ) , 
where the (^)'s are polynomials with rational coefficients. They show that 

l + k = q{l+h). 
Similarly if there are 1 + ^i reciprocities 

1--2P' 

Z ylv ( (Xj ) x^ y^ = 0, 

then 1 + h = q{l + hi). 

The matrix Q will be pure if it does not possess any other bilinear forms of 
the type just defined (this we have tacitly assumed in the above formulas) — 
and if moreover none of these forms are degenerate. 

We may apply to the matrices tj a transformation defined by the symbolic 
matrix-equation: 

t'j = Tj- 11/3^. (ay) || (m, ^ = 1, 2, • • ■ , 2p'), 

where the (/3)'s are numbers of the domain K{aj) . Then we may apply to 
Tj a linear transformation of the rows. If we do this simultaneously for every 
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Tj we have a transformation of isomorphism of fl . The matrices tj must be 
considered as impure if, for every j , 



t{, 0, 
0, t{, 



0, • •••, T 

where ri is a matrix with p^ rows and 2^^ columns, p^ being independent of j . 
In this case Q is isomorphic to a matrix of type (I) , the submatrices Wj being 
invariant under the Riemann projectivity considered. Such a condition will 
certainly arise it 1 -\- hi > 2p' . In all cases, as Scorza showed for ordinary 
Riemann matrices, we have 



hence 



1 + h ^ pr , 1 + k ^ ^pr . 



When the indices hi , ^i have their maximum values, Q, is isomorphic to a 
matrix composed with an array t such that 



1, S(ay), 0, 0, 
0, 0, 1, 5(ay), 








0, 0, 



1, b{ai) 



where 6 (ay) is a quadratic number of the domain K{aj) (Scorza). 

The numbers hi , ki may have lacunary values and they can be obtained as 
those oi h,k have been obtained by Scorza. 

If ^1 > , then there exists at least one complex multiplication T' permutable 
with the multiphcation T whose multipliers are the (a;)'s. There will then 
be a multiplication of degree q' g 2q permutable with both T and T' and we 
can investigate S2 by taking this multiphcation as a starting point. But 
there may be advantage in considering directly the Riemann projectivities of 
Tj , and if Q, is pure tj may be composed with two matrices 



9^2, 



1, 



3/*) 



z?!- 



where the numbers fijk are roots of an irreducible equation /( /3) = of degree 
q' = 2p' /r' with coefficients in the same domain as already considered. 

Let fl' be another Riemann matrix of genus p possessing a Riemann pro- 
jectivity having also / ( a ) = for characteristic equation and assume Q and 
Q,' both pure. They will be isomorphic if there exists a simultaneous form 

which vanishes when the (a;)'s are replaced by the elements of any row of tj 

Trans. Am. Math. Soo. 38. 



424 SOLOMON LEFSCHETZ [October 

and the (y)'s by those of any row of t'j which corresponds to tj for Q' , this 
for j = 1 , 2, ■ ■ • , p' . If there exist Xi such forms, the simultaneous index 
of i2 , 12' is X = q\i . 

In concluding, let us remark that the arithmetic properties of alternate forms 
belonging to ordinary Riemann matrices can be extended at once to those 
which we have here considered. For these propositions can in general be 
derived by purely arithmetic methods and without mentioning Abelian vari- 
eties at all. For example, the theorems given by Cotty in his thesis, on 
hyperelliptic surfaces and the corresponding forms, can be at once extended 
to Tj when r = 2p' = 4 . 

105. Real multipliers (r = 2p' = 2) . When r = 2 and ai, ai, • ■ • , ap 
include all the roots of / ( a ) = they must necessarily be real, at least when 
the array r is as general as possible. For if 

1,2 

(18) 'T.y^v{oLi,oLk)x^y^ 

is an alternate form of fi, it is necessary that 7^^ (ay, a*) = if ay 5^ a^, 
hence 7^^ (ay, ay) =0 if aj 9^ 'a.j, and these matrices exist only if the (a)'s 
are all real. They are then of the type of matrices which we have just in- 
vestigated. We may always arrange matters so that no ryi will be zero. If 
we divide then every term in the j-th row of Q by ryi , the array t will assume 
the form 

||l,Ty|| (i = 1,2, ••-,?). 

The arbitrary constants Ty must be imaginary else would have a row with 
elements all real. If the form (18) is an alternate form of Q,, 

l^victj, aic) = — Jv^io^k, oij), y^yiaj, ak) = if at 5^ ay; 
7^^ (ay, aj) 7^ 0; 

and hence 1 + fc = g. If on the contrary (18) is not an alternate form of 0, 

and if the parameters Ty remain entirely arbitrary it is necessary that 

1^^ {aj,ak) =0 (m = 1,2); 712 (ay, a^;) = 721 (ay, at) = if ay 7^ a^; 

712 ( ay , aj) = - 721 ( ay , ay ) ; 

whence again l+h = q = p = l-\-k. 

Assume that (18) is an alternate form of 0. The polynomial 

7(a) = 712 ( a , a ) 

is after all merely an arbitrary polynomial of degree q — 1 . The Hermitian 
form corresponding to (18) is 

-■^■Z)T(a;;)(T; - Tj)xjXj = J^y {aj)Tj Xj Xj {Ti=T'j + ir'j). 
^1 j=i y=i 
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We can always take y {a) such that the coefRcients will all be positive, hence 
whatever the parameters tj, is always a Riemann matrix. If we assume, 
as we have done so far, that / ( a ) is irreducible, then when one of the numbers 
7 (ay) is zero they will all be. Since moreover none of the t" can be zero, 
whenever 12 possesses no other alternate forms than those of the above type, 
the Hermitian form is always of genus p and Q is pure. 

Can the matrix be pure and possess a new Riemann projectivity? In order 
that this be the case it must possess a bilinear form other than of the above 
type, say 

1.2 

II., V 

imposing some relations between the parameters tj . Two cases are possible : 
(a) The expressions ^^^{aj, au) {aj 9^ au) are all zero, but the fiu.^ ( aj , aj ) 
are not. There will then be no new alternate form, hence 1 + A = 2^, 
1 -\- k = p . The new complex multiplication is permutable with the former. 
The matrix fi which is still pure possesses a Riemann projectivity with irre- 
ducible characteristic equation and we fall back upon the case studied in § 2. 
This is a consequence of the fact that the reciprocity 

1,2 

leaves the point ( 1 , tj) invariant, hence the parameters r are then quadratic 
conjugate numbers of the real domains K {aj) . The matrix Q, is then iso- 
morphic to a matrix with array r of type 1 1 1 , Vii ( «; ) j | , where -R ( ay ) is an 
integer of the same domain, negative together with all its conjugates, {h) 
The expressions /3j.^(ay, au) {aj 9^ ak) are not all zero. In this case 
1 + h = q + q{q — I) = p^ > 2p ifp>2. Hence fl is impure if p > 2 . 
Thus if r = 2 and if the multipliers are all real, fl if pure cannot possess more 
than two other Riemann projectivities, one of degree two and the other of 
degree 2p , permutable with the given one. 

106. Imaginary multipliers. We shall first consider a question concerning 
Hermitian forms. 

Given the Hermitian form of genus r 

r 

/ ^ ^(A Xfj^ X^ , 
11=1 

let Sr'-i, St"-i be two spaces of Sr such that r' + r" = r and conjugated 
with respect to the reciprocity 

J^a^x^y^ = Q. 

Under what conditions can the Hermitian form be positive at all points of the 
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first space and negative at all points of the second? The equations of Sr'-i 
can be put in the form 

r' 
Xr'+y = ^K^Xu, (p = 1,2, ■■• ,r"), 

Ul = 1 

and it will be necessary that 

r' r" r' r' _ 

This expression can certainly be made negative if it is possible to annul all the 
terms whose coefBcients a^ are positive without annulling the others. Let s' 
be the number that are positive and s" the remaining. We shall have s' 
linear equations in r' unknowns and since they must not have any solutions, 
it is necessary that r' ^ s' . Similarly we must have r" ^ s" , but 
/ + r" ^ s' + s"; hence r' = s' , r" = s" . These conditions are besides 
sufficient. To see it we may consider the form 

r' _ r" 

2—1 •''M "^v- 2—1 Xr'+v Xr'+u 

fl = l v = l 

and the two conjugate spaces 

Sr'-i ; a;r'+„=X„a;i (v = 1,2, •■• ,r"), 

T" 

Sr"-i; Xi = Xi = • • • = Xr' = Q, Xi = Yj^v^v) 

where the (X)'s satisfy the conditions 

On 8r'-i the Hermitian form becomes 

_ f' _ 

(1 — Yi\^v)xiXi+ 22 a;^ a;^ 

and its sign is + • On 8r"-i it reduces to 

,.11 fii ftf 

/ , Ay Xt -|-y / / Kv Xr -^y / / Xr ^y Xr ^y 

v—1 v=l v=l 

^ I / J i^y Xr'-^y I / / Xr'-\-v Xr*+v 

< (YlKXr^+yl y - YWr'+y]^ < H\K\^ Skr'+J^ - l^^r'+J^ 

= (-i + E^.V)Ek/+.l'<o, 

as was desired. This shows also that there is an infinity of pairs of spaces 
answering the question. 

107. We now pass to the study of matrices with imaginary multipliers. 
We shall limit ourselves to the case where the group G of the eqxudionf{a) = 
15 permutable with the unique operation that permutes each root with its conjugate. 
I say that in this case if there exists a form (12) satisfying only the conditions 
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(a) and (c") , 12 is a Riemann matrix. For let X] Pu.v (o^j, <Xk ) x^ y^ be a form 
answering the question. We may determine polynomials with rational coeffi- 
cients and of degree g — 1 in ay, a*,, say y^^ {a,, ak) , by the relations 

yu.p{aj, ak) = if aj 9^ at; 
Ji^Aoij, aj ) = fi^^ {aj, aj) . 

That this is possible in view of the property assumed for the group of / ( a ) = 
follows from § 2, and we see then that the form 

(19) Yl,yixv{oij, aic)x^y^ 

is a Riemann form of fl . For, the spaces (S, _i , Sr^-i will be conjugated with 
respect to the proper reciprocity, in particular Sr^-i , S/^-i with respect to 

(20) X^ 7,.. ( ocj , aj )x^y, = 
and the Hermitian forms 

(21) -Y.12y^Aaj,oij)x^x, 

will be positive at all points of Sr^-i and negative at all points of S/_i . As 
the Hermitian form belonging to (19) is here the sum of the forms (21) it is 
definite positive, and fi is effectively a Riemann matrix. 

108. To establish the existence of matrices of the type considered it is 
sufficient to show that we can take polynomials with rational coefficients* 
7^„ {aj , aj) , such that when the Hermitian form 

n ' ^-^ I }i.V Xfj^ Xy 

is reduced to the type 

/ ' Tjit Xp^ Xfj^ f 

Tj coefficients 7^ are positive and r'. negative. This is equivalent to requiring 
that of the r roots of the equation in y (all real, as is well-known), 



— 7^, (ay, aj) - e^,-7 



— (c^/ii = 1; e^i^ = 0, M + v), 



Tj be positive and r'j negative. Indeed, we can then determine polynomials 
with rational coefficients 7'^^ (ay, a^) such that 

y'^viaj, ak) = if ay 9^ ak; y'u^viaj, aj) = y^^aj, ay), 

and also spaces Sr,., S,'-i satisfying the conditions (a), (c") relatively to 

Yjj'i^viaj, ak)x^y^, 

and there will therefore exist a Riemann matrix belonging to / ( a ) =0 and 
to the distribution ai , a2 , •••, ap of its roots. 
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Now let us take rq numbers ijy^ such that with ay' = ay, 



• • = m, Tj = + 1 ; 
•• = iii', r, = - 1; 

and consider the equations 



'7y, 1 = '7y, 2 
''li', 1 = '?/, 2 



'7y, T,+\ =•••=%,'• = ~ 1; 

■<)}', r,+l = • • • = fli', r = + 1 , 



-;J.EC(«r' «r - ar'«r) = '?.. o- = 1,2, ■••,g; ^ = 1,2, ...,o, 

of which we shall take a type solution in real numbers c^" . Designate then 
by — i 6^^ (ay, ay) the left-hand sides. The equation in 7 



J. 

2i 



-5^^ (ay, ay) - e^^-7 



= 



(«M^ = 



0, li ^ v; cnn = 1), 



has Tj positive and r'^ negative roots, this f or j = 1 , 2 , • • • , g , all equal to 
unity in absolute value. Let us take finally polynomials T^^(ay, ay) with 
rational coefficients differing as httle as we please from those of the (6)'s. 
The Hermitian form 

will obviously answer the question. The existence of our matrices is therefore 
proved and at the same time we have given a construction for them. 

To obtain h, r being assumed as general as possible, we remark that the 
number of independent relations 



l-s 



(i = 1,2, •••,g) 



is equal to the number of independent solutions for the (6)'s, that is, to 
g ( g — 1 ) . Hence t' = q. Similarly for k we must consider the number of 
relations 

X &»n(ar'ar' + ar' «r) = o o- = i, 2, ..., k). 



This number is ^q^ , hence 



t = 



?(?+!) 



1„2 _ If 
2? — 2S 



It follows that 



1 + /» = 2(1 + fc) = g + 2r2 



— s 



This assumes r > 2 . When r = 2 and the numbers ry are not all equal to 
unity, nothing is changed. If they are all equal to unity we must add g 
alternate forms to h and k (the same forms as occur in the case of real multi- 
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pliers), and since s = (1) , we have 

l + h = 2q, l+fc = |-g. 

Remark: When / ( a ) = is Abelian, it becomes possible to determine s . 
For it is certainly possible to derive from the set (ai, ai, ■ ■ • , ap) all the 
pairs of roots by the operations of G if the number of distinct multipliers 
exceeds 2I {^o. 91). Hence when this occurs, as it does in the most general 
case, we have s = ( 2 ) , and therefore l + h = 2{l + k)=q, with the 
added condition that if r = 2 the multipliers must not all be distinct. When 
they are we are thrown back on the formulas already derived for this special 
case. 

Assume now that there are exactly |g distinct multipliers. Then (No. 84) 
fi is impure of type (II) composed r times with 

w = II 1, ay, • • • , aj"^ II (i = 1, 2, •••, iq) 

which is itself pure or impure according as the subgroup G' of G which 
maintains invariant the set ( ai , 0:2 , • • • , ctp) does or does not reduce to 
the identity. Let n be the order of G' . The invariants of co are given by 
1 + h' = 2{l + k') = nq and those of fi by 1 + A = 2 ( 1 + /<; ) = nr^ q = nrp . 
109. The form in the left-hand side of (20) can be reduced to one of the 
same nature with 7^^ ( ay , ay ) =0 ( ;u 5^ j' ) , by a transformation of variables 

V V 

where the (6)'s are as before polynomials with rational coefficients. Now 
according to what has been stated in No. 89, these equations can be put in the 
simple form 

V V 

where the (e)'s are still polynomials with rational coefficients. This is all 
equivalent to stating that can be transformed into an isomorphic matrix 
for which (20) is replaced by ll^=i 7^^^ (ay, a,) a;^ t/n • Moreover 

7.. ( a.- ,«;•) = ( ay " Sy ) Z C, ( af a) + Sf < ) 

and contains therefore \q arbitrary coefficients. Hence Q depends upon 
\rq = p arbitrary integers and upon zSl^i ^J ^'j continuous essential param- 
eters, namely the parameters which determine the position of one of the spaces 
Sr^-i, S/-1 for each pair of roots (ay, ay) . 

When there are no other alternate forms than those derived from (19), Q 
is pure since the Hermitian form belonging to each alternate form is the sum 
of q forms of genera ry, with independent variables, hence its genus is 
Y,rj = p . This is still true if there are 1 + k(, forms of the type in question. 
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such that the corresponding forms (20) 

Z) ylviocj, aj)x^ y, (s = 1,2, ■■■,l+k„) 

are linearly independent and moreover do not possess any combination with 
coefficients polynomials in a, , aj , degenerate. In all cases if r > 2 , or r = 2 , 
and the multipHers are not all distinct, 1 + i = |g ( 1 + &o ) , and in the same 
conditions if there are ho non-alternate forms of the same type, 

l + h = q{l + ho). 

When the multipliers are all distinct 1 + ^ is the same, but 1 + h =" q (2 -\- ho) . 

Let us consider a little more closely the case just mentioned where 12 possesses 
two bilinear forms of type (19) with forms (20) independent. Let Aj , Bj 
be the reciprocities determined by two of them between the spaces Srj-i, 
Srj_i . Then Aj^ ■ Bj is a projectivity transforming Sr . into itself. It is 
defined by equations such as a;^ = J^v^u^vioij, aj)x^, which as before can 
be put in the form x'^ = Z);, e^^ (ay)a;^, and it is readily seen that these 
relations define, as in the case of real roots, a complex multiplication permutable 
with the multiplication, whose multipliers are the (a)'s. 

Remark: Let us assume that the integers ry are all equal and that moreover 
fi possesses an alternate form (19) such that 7^^(0:5, a 4) =0 if aj9^ au. 
It will then be possible to apply with scarcely any change everything that has 
been said in the case of real multipliers. However h and k will not be the same. 
Let there be ki forms of the nature in question and such that the alternate 
forms 

Y^y%{aj,aj)x^y, {s = 1,2, ■■■ ,h), 

yl,{aj, aj) = - yl^iaj, aj) 

are linearly independent. We will then have 

i + h^Wi- + h + 2h) + Ah\-s'\- 

Similarly if there are hi non-alternate forms, then 

l+h = q{l + ho + h^) + 2A('^^^-s^ ■ 

110. Can Q possess a new bilinear form 

(22) J^S^Ao:,-, <Xk)x^y, 

without possessing other alternate forms than those derived from (19)? In 
order that this be the case, it is necessary that the following relations be 
verified : 

8^{aj, ak) — S^^{ak, aj) = 0, 
{aj — ak)[S^Aaj, ak) + 5„^iak, aj)] = if c^T^ak, 

5^,iaj, aj) - S.^iaj, Oj) = <l>iaj, ay ) • 7^, ( ay , ay), ^ 
(ay - ay)[5^.(ay, aj) + 6,^(ay, ay)] = ^^i^j, ay)-7^„(ay, ay). 
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From the first two we conclude that 

5^^ (ay, a&) = if aj ^ a^ or a&, 
5^, ( aj , aj) = 8,^ ( aj , aj) , 

and from- the last two that 

^p.v{aj,aj) = x{aj,aj)-'i^^{aj,aj). 

This shows that we may combine the two forms (19) and (22) so as to obtain 
a form 

S ^^v{aj, ak)Xi,y, 

such that ^^^ (ay, ttfc) = if ay 5^ ak, while 

Z) ^nAaj, aj)x^y, = 

represents a quadric of tSr-i which must contain the space Srj-\. If this 
quadric were degenerate Q, would possess a degenerate bilinear form and would 
therefore be impure. Limiting ourselves to the case of pure matrices, we 
must then have ry — l^|(r — 2) when r is even and ry — 1 g i ( ?• — 3 ) 
when it is odd (Bertini). Similar limits hold of course for r ' — 1 . But 
^i -\- r'j = r , hence r must be even and we must have besides Tj = r'j = ^r . 
Thus r must be even, and among the multipliers each root must be taken the 
same number of times. In this case the solution exists actually as can be 
shown by the following choice of bilinear forms: For (19) we take a form such 
that yij.v{aj, ak) = if ay 7^ ak and 

-7^-Jly^^iaj, aj)x^y, = J2 (.x^y>'-Xr y,. ); 

for the quadric (22) we take 

I-/2 

Z *Va;c+^ =0; 
and for the spaces Sr—i , Sr'—i , 

Sr~i: Xr = 0, S'l: a-v = 
■' 2 + " 

(m = 1,2, •••,r/2), (i = 1,2, •••,g/2), au ,^ akU h, k ^ q/2 . 

If there are two non-degenerate reciprocities such as (22), the product of one 
by the inverse of the other defines a new multiplication permutable with the 
first, fl possesses then a complex multiplication of degree q' ^ 2q, and we 
have 1+A;>j(2g)=^g, hence there must be a new alternate form. In 
other words, the existence of two such reciprocities increases necessarily the 
index of singularity, k . When there is only one we have 

l+fc = |g; l + ^ = 2g. 
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111. As an application we shall establish the existence of non-singular 
Abelian varieties with complex multiplication whose existence has recently 
been announced without proof by Scorza.* 

According to No. 101 we must have g = 2 and the characteristic equation 
of the complex multiplication in question must be of the type 

(aa^ + 6a + c)« = 0, b^ < 4ac , 

with p > 2. We then have 1 + ^ = 2, l+fc = l and it is sufficient to 
construct the matrices such as those of Nos. 107, 108 corresponding to this 
complex multiplication. We may observe that among the multipliers one 
of the roots may be taken any number of times < p . When p is even there 
exist varieties with two complex multiplications such as those of No. Ill, 
and for them l + A = 4,l+fc = l. According to what we have just seen, 
if there is one more reciprocity of this type we have certainly ^ > 0. The 
matrices in question are therefore the only non-singular matrices with complex 
multiplication. 

This result may be extended to varieties with a complex multiplication 
whose multipliers are real and to multiplications permutable with these. 
The integers ho, h having always the same meaning as previously we find 
that for ki = 0, hi can only take the values , 1 , 3 . Finally it is easy to 
construct the corresponding matrices — by merely replacing everywhere the 
ordinary domain of rationality by the domain K{aj) — but we shall not dwell 
on this any further. 

This ends the discussion of complex multiplications. We shall proceed to 
make a rapid application to the classification of pure matrices for p = 2 or 3 . 

§6. Pure matrices of genus two or three 

112. Matrices of gentw two. If a matrix of genus two is singular and pure, 
it must possess a Riemann projectivity whose characteristic equation is of 
type [/(«)]'' = 0, if (a) irreducible). Since rg = 4, r can only have the 
values 1,2. Let first r = 1 . We have seen in No. 89 that Q is then reducible 

to the type 

I 1, ai, at, al 

[1 2 3 

where ai , a^ are roots of an equation of degree four 

(a^ _ 2fi a + mfi + n) (a^ - 2^^ a + mt2 + n) =0 

with m , n rational and f i , f 2 roots of an equation 

at' + bt + c = 0, 

*Comptes Rendus, October, 1917. (Added in 1922: The proof has since been 
supplied in his memoir of the Palermo Rendiconti, vol. 45 (1921), p. 185. It 
appears to be decidedly different from ours.) 
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and we have indicated there the conditions that a, h, c, m, n must satisfy. 
As to the invariants of il , they are 1 + h = 2 (1 + k) = 4 . 

113. Let now r = 2 and assume the multiphers real. The matrix fi is 
isomorphic to a matrix composed with two arrays 



T2 



■yld 
- ^ld 



where c^ is a positive integer not a perfect square. We know that S2 exists 
provided ti , t2 are imaginary. Just by way of illustration we give the calcu- 
lation, which is here very simple. There will be an alternate form 



7i2 i^d ,- -yld) xi 2/2 + 721 {-^d , - -^d) xi yi 



with 



yn{x, y) = - 721(2/, x) = 'Kixy + d) + ix{x + y) , 

so chosen as not to impose any condition on n and T2 . This form contains 
two arbitrary parameters, hence 1 + ^ = 2, and similarly 1 + A = 2 as we 
already knew. The corresponding Hermitian form is, up to the factor V(^, 

t" iix + XVc?).Ti Xi — Ti(/x — \^d)xi x^; tj = t'j + ir" . 

We must therefore have 

tUm+XV^) > 0, rL'(M -XVJ) < 0. 



-say t"i. 



We can always assume that one of the numbers r'i, r'i is positive- 
The existence of fl is certain for we can take X, ix positive and such that 
H — X-^d has the sign of — r'2 . Moreover the matrix is pure because the 
Hermitian form is of genus two provided that X and // are not both zero. 
The sets of integers (X, /x) satisfying the above equalities define the principal 
forms and therefore also the systems of Abelian functions corresponding to 
the matrix. 

If there exists a non-alternate bilinear form imposing some relations upon 
Ti , T2, these numbers are conjugate quadratic numbers of the domain K{'4d) , 
and Q, possesses a Riemann projectivity with irreducible characteristic equation. 
It is therefore of the type considered in No. 112. 

114. Let us pass to the case of complex multipliers. We have now two 
arrays 



1, 


Tl 




1, 


iVd 


1, 


T2 


J 


1, 


-i^id 



where d is as before a positive integer not a perfect square. From the existence 
of an alternate form, follows a bilinear relation between ti and r2, whose 
coefficients belong to the domain K ( i Vrf ) . If fi is pure we can always 
reduce it to an isomorphic matrix composed with two similar arrays such that 
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the relation in question is then Cn — C22 ri T2 = 0, where Cn, C22 are integers. 
The corresponding Hermitian form is 

Cll Xi Xi — C22 X2 Xi . 

It must be positive for .Ti = 1 , Xi = t\ , and negative for .Ti = 1 , x^ = r-i . 
It follows that Cll , C22 must have the same signs and that their ratio must be 
included between t\ Ti and ti, 'ti , numbers which must not be equal. This is 
equivalent to the sole condition |ri| 9^ \t2\ . The invariants of Q, are 
1 + A = 4, 1 + ^ = 3. As they have the maximum value for a pure matrix, 
Q, cannot acquire any other bilinear forms. This completes the discussion of 
the case j) = 2 . 

We see that for a pure matrix of genus 2, the only possible combinations 
{h, k) are (0,0), (1, 1), (3,2), and ( 3 , 1 ) . The corresponding matrices 
depend respectively upon 3,2, 1,0 continuous parameters. 

115. Matrices of genus three. When p = 3 , gr = 6; hence r = 1 , 2 , or 3 . 
Let first r = 1 , and therefore q = 2> . The characteristic equation is 

n {a^ - 2ti a + Xf| + Mr.- + v) =0, 

where the (f )'s are roots of an irreducible equation f^ + pf^ + gf + »" = 0. 
Let T be an operation of the group G of the characteristic equation, permuting 
cyclically the pairs (ai, ai), (0:2, 0:2), (as, as). It corresponds to the 
cyclic operation of order 3 that the group of the equation in f always contains. 
If we observe that T is permutable with the binary operation S oi G permuting 
pairs of conjugate roots, we see that with a suitable choice of notation T has 
one of the following two forms : 

(ai , a^ , as) ■ {ai , a2 , as) ; {ai , a2 , a^ , ai , a2 , as) . 

Hence G always contains a cyclic subgroup of order 6, of the powers of TS 
in the first case and of the powers of T in the second. This is sufficient to 
allow us to affirm, as in the case of an Abelian equation, that there exists a 
pure matrix corresponding to the above equation since it will always be pos- 
sible to choose three roots ai, at, as of which none are conjugate to each 
other and such that from the pairs ( ai , a-i) , ( 1x2 , as ) , ( as , ai ) we may 
deduce, by the operations of the group, every pair of non-conjugate roots. 
As to the invariants, they will have the values l-t-A = 2(l+&) =6. 

1 16. Let us assume now r = 2 . The matrix fi is then composed with the 
arrays 

II Tji, T,-2 IJ, II 1, ay, a^^ II (j = 1,2,3), 

the multipliers being the roots of an equation of the third degree. I say that 
in order that Q be pure, these roots must all be real. For if '^^^^ ( aj , aj; ) a:^ y^ 
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is a principal form, the corresponding Hermitian form will be definite only if 
its coefficients Ajj are not all zero, which requires that the quantities 7^^ ( ay , aj ) 
(^,j' = l,2,3,4)be not all zero. Hence, if there is a pair of imaginary 
multipliers, the expressions 7^^ (ay, a*:) (ay 7^ a^), (m, »* = 1, 2, 3, 4) are 
not all zero. Moreover as is well known the equation in the multipliers is 
not Abelian. But the group of a non-Abelian irreducible equation of degree 
three is of order six and permutes transitively the three pairs of roots. Hence, 
if 7m>' (^ > y) does not vanish for one pair of distinct roots, it does not vanish 
for any other pair. Now, there are three distinct quantities of type 
{of al + a'^ a^) ( m , ri = , 1 , 2 ) between which there is no relation with 
integral coefficients. Hence (No. 96) 1 + /.• = 3 + 3 = 6 > 2p - 1 and fi 
if it exists at all is necessarily impure. 

When Q is pure the three multipliers must then be real. We know then 
that fi always exists provided that the ratios tjiItjx are not real. When they 
are arbitrary, we have 1 + A= 1 + A; = 3. The existence of a new alternate 
form either will bring us back to the case of No. 115 or else will make 1 + fc 
take the value 6 > 2p — 1 , hence fi will be impure. The same will hold for 
the non-alternate forms. 

117. Let finally r = 3, g = 2. Since r is odd, the multipliers must be 
imaginary. The matrix fi is isomorphic to a matrix composed with two arrays, 

''■ — 1 1 ''■yi > ''■^2 , Tys 1 1 , II 1, ay II (ai = a2 = -as = i-N/d), 

where d, is again a positive integer and not a perfect square. The determinants 
of order two, derived from the first two rows of t, cannot all be zero, for other- 
wise fi would have two rows with proportional terms. Finally if T31 = T32 = , 
Q, contains an elliptic submatrix. Hence if fi is pure, we can always replace 
T by an array of the type 

1, 0, n 

0, 1, r2 

1 , T4 , T3 

Since we have made no transformation upon the columns, we may take as 
form (19) 

7n ( ay , ay ) a;i 2/1 + 722 ( ay , ay ) Xi y-i + 733 ( olj , aj ) Xz yz . 

The numbers -ji Jjj {i^d, — i'^d) = a, are real numbers of the domain 
K{i-^d ) — they are therefore rational numbers and we can without incon- 
venience assume that they are integers. In order that fi be a Riemann matrix 
it is necessary (a) that ai Xi 2/1 + ai x^ y^ + az xz yz vanish when the (x)'s 
are replaced by the elements of the first or second rows and the (2/)'s by those 
of the third ; (6) that ai Xi xi + 02 x^ xi + 03 Xz Xz be positive at the point 
(X, /x, Xti + iJ.Ti) whatever X, ;u, and negative at the point (1, T4, T3). 
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We have, therefore, the relations 

ai + asTiTs = 0, a2 T4 + as T2 T3 = , 
then the inequahties 

fll + di T4, T4, + azTzTs < 

( Oi + az Ti Ti ) XX + as ti T2 X/I + as ti t2 Xp + {a^ + as T2T2) ixjl > . 
Hence the roots of the equation in ^ 



ai + az Ti Ti — ^ , 

az Tl T2, 



az Tl T2 

02 + CtS ''"2 T2 



= 



must both be positive. Moreover the coefficient of XX in the Hermitian form 
in X , ju must be positive, which gives us finally the inequalities 

fli + as Tl Tl > , 

ai + 02 + as ( Tl Tl + T2 T2 ) > , 

ai a2 + as ( 02 ti ti + Oi T2 t2 ) > . 
Let us set 

tti = — mas, a2 = — naz, tj = Rje^'^' . 

The array t assumes then the form 



1, 

0, 


0, 

1, 


m/rz 
mjjz 


1, 


T4, 


Tz 



and our inequalities reduce to 

mas (m — Rl) > , 

azirri' + n'Rl - {m + n)Rl) > 0, 

asim + nRl- Rl) > 0, mn < . 

Let us consider m, n as rectangular point coordinates and draw the curves 
representing the functions in the left-hand sides of these inequalities (ellipse 
with axes parallel to the coordinate axes and straight lines ) : 
The point {m, n) can only be in one of the two regions, I, II, III. If it is 
in one of the first two regions, we must take as > , and if it is in the third, 
we must take as < 0. One of these regions always exists, hence ts, T4 can 
take arbitrary values, zero excepted. Under these conditions, we shall have 
l+k = l,h = 2, and the matrix is not singular — it is the simplest matrix 
of this type of genus p > 1 . 

If the matrix possesses a new non-degenerate bilinear form 

it is impossible that 7^^ = for ay 9^ a^ if fl isjyure. _Indeed then, if ay = ak , 
either the equation obtained, 'E,y^^{iyd, i-sd)x^y^=0 {ak = a,) , 
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represents a linear complex, necessarily degenerate since the containing space 
is of odd dimensionality, or else 

H [y^vii'^d, i^d) + 7^^ {i4d, i^d)]x^x^ = {a, = ak) 

is a conic containing all the points of the line that joins (1,0, n/rz ) to 
( , 1 , UTi/Tz ) , conic necessarily degenerate. In all cases the reciprocity 
1^ T/xr {oij t cty)^/x Vv is degenerate and fi is impure. 




Fig. 1. 



If the expressions 7^„ ( ay , a^ ) are not all zero, Q, will possess two reciprocities 
of the type 

'T^Jt.vioLj, a]c)x^yy = , 
7^^ (ay, ay) = 0; y^{oLj, ak) 5^ if ay 7^ a^. 

If Q is pure they are not degenerate and multiplying one of them by the inverse 
of the other we obtain then a new multiplication permutable with the one 
whose multipliers are the (q;)'s. In that case 12 must possess a Riemann 
projectivity of degree S 2q , hence of degree 6 , and we fall back on the type 
of No. 115. 

Thus for a pure matrix of genus three the only possible combinations for 
the invariants h, k ave (0,0), (0, 1), (1, 1), (2,5). The corresponding 
matrices depend upon 6,2,3,0 essential parameters. 
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Chapter III. Abelian varieties with cyclic groups and varieties of 

RANK > 1 IMAGES OF THEIR INVOLUTIONS 

§ 1. Varieties of rank one with cyclic group 

118. The study of hyperelliptic surfaces with cycHc group and more generally 
with finite group of birational transformations has already been made by 
Enriques, Severi, Bagnera and de Franchis. We only propose here to give 
a few new properties and to calculate the invariants of some simple varieties 
of genus ]) > 2 and rank > 1. 

Every birational transformation of finite order T of an Abelian variety of 
rank one, Vp , whose Riemann matrix has been put in a suitable form, will be 
given by equations such as 

Qs u'i = Ui + ai (i = 1,2, ■■■ , p') ; 

Up'+j = ej Up'+j + ap'+j (i = 1 , 2, • • • , p - p' ) , 

where the (€)'s are roots of unity other than one. A very interesting case 
and one to which we shall largely limit the discussion is that where the equa- 
tions of T are 

(2) Uj^e^'-uj U = 1,2, ■■■,p), 

the (€")'s being primitive roots of a binomial equation a;™ = 1. It will be 
particularly the case if fi is pure. We shall assume m > 2 . The numbers 
d= rij will form a complete set of residues prime to m taken r times so that if 
2fj. = ip{m) , where (p is the Euler function, then r = p/jx . 

We have shown how we may derive from 12 a matrix 12' composed with two 
arrays 

T = II ^., T.„ ... T- W 111 f^' ■•• f:(2)/.-l)ni II (i=l 2 ••• V) 

To this matrix corresponds an Abelian variety of rank one, Vp , in correspond- 
ence ( ?i , 1 ) with Vp if the array t is suitably chosen. V'p is the image of an 
ordinary involution of order n on Vp and possesses a cyclic birational trans- 
formation expressed by the same equations (2). Now it is easy to show that 
from the point of view which will occupy us, we may replace Vp by Vp , that 
Is, S2 by 12' , and this we propose to do in the sequence. We shall then assume 
that 12 coincides with 12' . 

When T is as general as possible and the (€")'s are not all different, the 
invariants of Vp are given byl + A = 2(l+fe) =2;u, while if these multi- 
pliers are different ( r = 2 ) , they are given by 1 + A = 4/x , 1 + A; = 3/x . 

119. The determination of the total group of birational transformations of a 
Vp is of considerable interest. For ■p = 2 , this has already been done by 
Scorza in his Palermo Rendiconti memoir. We shall show how 
the solution of this question is related in an important case to the problem of 
the determination of the units of an algebraic domain. 
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Let 6r be a permutable subgroup of the group formed by the products of the 
complex multipHcations, such that no Riemann projectivity corresponding to 
one of its operations transforms separately a submatrix of 12 if Q is impure. 
We shall endeavor to characterize the operations of G which lead to birational 
transformations of Vp . 

Let r be a birational transformation belonging to G and 

B = \\K^ II {",1^= 1,2, •••,2p) 

its Riemann projectivity. We know that the determinant |&„^| = ±1. 
Moreover there exists a minimum base Bi, B^, • ■ • , Bq for the projectivities 
whose terms are integers and we have B = "^XjBj, where the (X)'s are 
integers. If a{, ai, • • • , a{, are the multipliers of Bj we have for those of B 

(Xs='^'Kjai (s = 1, 2, ■••, p) 

and their norm is equal to unity. They are therefore conjugate units of a 
certain algebraic domain, and more especially as is a unit contained in the 
modulus {al, al, • • ■ , a'l) . We may remark in passing that each number 
of this modulus determines a Riemann projectivity whose terms are integers. 
Moreover the modulus is an order in the sense of Dedekind. For, if ai and 
a',' belong to it, there correspond to them projectivities with integral terms 
B' , B" , and a' a'/ which is multiplier of the projectivity with integral terms 
B'B" belongs actually to the same modulus. Thus as is a unit contained in 
a certain order of algebraic numbers and conversely if as is such a unit, it 
defines a projectivity with integral terms whose determinant is unity, hence 
a birational transformation of Vp . Thus the projectivities corresponding to 
the birational transformations, and therefore the birational transformations them- 
selves, are combined like units in an order of an algebraic domain. From a 
classical theorem due to Dirichlet, follows then that there exists a finite number 
of permutable birational transformations Ti, 1%, ■ ■ ■ , T^ , v < p/r , such 
that any other is given by a relation 

T = To H' n' ■■■ T"/, 
where To is an arbitrary cyclic transformation of the system and v is the 
number of distinct real multipliers increased by half the number of imaginary 
multipliers. 

Let /3i , j8^ , • • • , pi be a minimum base for the integers of the domain K{aj) . 
The solution of the problem which we are considering is related to that of the 
following: To solve in integers Xj the equation 

n E /3i a^-fe = ± 1 • 

J " 

We see that the group of birational transformations of G , like G itself, depends 

Trans. Am. Math. Soc. 29. 
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solely upon the equation / ( a ) = but not upon the array t provided that 

In the particularly interesting case where the roots of /(a) =0 are all 
imaginary, each being given by the same rational function of its conjugate, 
the problem is somewhat simplified. Let us set a, + ay = 2f y , ay ~aj = r/y , 
and assume the multipliers so chosen that the (D's are all distinct. The 
norm of r/y is obviously one and the problem is therefore reduced to finding 
the real units of the real domain K{^j) defined by an irreducible equation of 
degree p/r, ^ (f ) = 0, (No. 89). 

Remarks: (I) There exist no cyclic birational transformations permutable 
with a given transformation T of order q'" , {q prime), other than the powers 
of T itself. This follows from the fact that if e = e^''»/9'", the algebraic 
domain K{e) contains no other roots of unity than the powers of e . 

(II) With T still of order q™' , {q prime), and if r > 1 , we may apply certain 
considerations of No. 90. If the numbers e"-" are invariant under a subgroup 
of order n of the equation in the g™-th primitive roots of unity, the period 
matrix is composed with n submatrices of genus p' = p/n. If there exists a 
complex multiplication with multipliers of degree > n, the corresponding 
irreducible equation must be reducible in the domain i? ( e ) . But according 
to a well-known theorem on the cyclic units of a cyclic domain of degree 5™, 
if these multipliers are roots of unity they must be themselves powers of q. 
It follows that if the order ;^ of a birational transformation is such that 
^p{v) > n, then v = ([■ ^ (p . In particular, if m = 1 , then v = q. 

120. As an appHcation, we shall establish, in a different manner, the results 
obtained by Scorza on the birational transformations of pure hyperelliptic 
surfaces when the multipliers are roots of an irreducible equation of degree 
four. Let Mi = ai Mi , u'2 = ai Ui be the equations of the birational trans- 
formation. The expressions a\ -\- a\ and a^ a\ are integers of a quadratic 
domain K(-Vd) where cZ is a positive integer, not a perfect square, and ax a^ 
is a unit of this domain. Hence a\ satisfies an equation 

o? -{- {m + n^ld)a + t + u^ = 0, 

where m , n, t, u are integers or halves of integers and f — dv?' = ± 1 . 
The number 012 satisfies the equation obtained when 4d is replaced by — 4d. 
In order that these two numbers be imaginary, it is necessary that 

(m + n4dy < 4:{t + u-<d) , (m - n^df < 4(i - u-^d) . 

Hence ( m^ — dn^ )^ < 16 , and therefore | norm (m + n ^d)\ = |/3| =1,2, 
or 3. The surface possesses the birational transformations whose multipliers 
are a1, a%,n being an arbitrary integer. Hence, also [ norm (al + a.1)\ = 1 , 
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2 , or 3 . Now if we set 

(m + nVd)2(< - u^d) = $ + ryVd, 
and observe that f^ — dr]^ = /3^ , we obtain by an easy computation 

norm (al + al) = ^(p^-Q^ + 9) = /S', 

norm (af + at) = (jS^ - 4? + 4)^ - 4(2f - /S^ - 4^ + 4) = /S". 
Hence if j8 = ± 3 we must also have /3' = ± 3 , 18 — 6^ = ± 1 , which is 
impossible since 2^ is an integer. Similarly, if |S=±2, j3'=±2 and 
13 - 6^ = ± 1 , which requires that /3' = /3 , ^ = 2 . But in that case ^" = , 
which is impossible since d is not a perfect square. It follows necessarily that 
|S = ± 1 . We conclude from this that 

(5 _ 4^)2 _ 4(2^-4$ + 3) =/3", 
or 

^-3^ + 1(17-/3") =0, 
whence 



^4[-nMV^] 



For iS" = 1 , we obtain ^ = 1 or 2 . But for ^ = 1 , (3' = ± 4 , and for ^ = 2 , 
B' = ± 2 . Hence 13" = -1,^ = 3/2, and therefore d = ^^ = -^ > 

r (2»7r 

and finally r? = ± | , (^ = 5 . Ultimately, then, we obtain 
im + n^[E)^ = {t + u ^1'E) ( ^ "^ J, 

The quantity 5 = |( 1 + VS) is the fundamental unit of the domain K {4E) . 
Hence _ 

and therefore a satisfies one of the two equations 

a^ + 8" a + 8'^"^''' = 0. 
If we observe that f or ?< = 1 the second has for root e = e^"'^ , we find for f , 

if we set /x = J' — 1, the two values eS", (e + e"^)*" ( )> or else, 

since 8 = e + e~^ , the values 

eie + e-^y, (e + e'^)" ( ^^ + f ~ ^ ) • 

Having taken for ai one of these values we obtain 0:2 by replacing everywhere 
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€ by ^ or i . The corresponding matrices are isomorphic to 

1, ai, af, al 
1, a-i, al, al 

For n = and a of the first type, we have the matrix 

1, 6, €^ ^ 

1, €^ 6*, 6 

to which they are all isomorphic and it corresponds to the surface of Jacobi- 
Humbert investigated by Scorza or the Jacobi surface of the curve 

y^ = x(afi + 1) , 

which possesses a cyclic transformation of order 5. 

Remark: We have assumed everywhere that d is not a perfect square. 
In the contrary case t -{• w^d = ±1, m -\- wm = n, integer, and ai is a 
root of o? + lia ± 1 =0. The surface possesses then a birational trans- 
formation with multipUers of degree two. 

§ 2. Multiple points of abelian varieties of rank > i 

121. Let us designate by Wp the Abelian variety of rank m, image of the 
cyclic involution (1) or (2). The multiple points of Wj, are images of the 
coincidence points of the involution on Vp. If the transformation T corre- 
sponds to the equations (1) we shall obtain the coincidence points if we obtain 
the solutions of the following equations in the unknown integers x^ , 

Ui + 2_j x^ ai^ = Ui -\- ai (i = 1 , 2, • • • , p' ) ; 

Up'+i + £ x^ Wp'+j-,^ = €} Up'+j + ap'+j (j = 1, 2, • • • , p - p' ) . 

If p' < p, there is no solution when the («)'s of index i ^ p' are not all zero 
and there is an infinity of them when they all are. In this last case the problem 
is reduced to the determination of the coincidence points of an involution on a 
Fp-p'. Let us assume then that p' = 0, or that the equations of T are of the 
form 

u'i = tiUi + ai (i = 1,2, ■■• ,p). 

The coincidence points are all given by the formula 

— ai I v^ X. Wj„ , ■ ■, n \ 

Ui = -r+ 1^— -. (i = l,2, ■■■,p). 

€i — 1 M=l tj — 1 

Let (*!, X2, • • • , a;2p) be a solution in integers. If we add to the (x^Ys a 
solution of the system 

£^^ = £2/MWiM (i = l,2, ...,p), 
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the {y)'s being also integers, we shall always obtain the same coincidence point. 
Now, let 

22) 

€i W,:^ = ^a^f^COi^ (i = 1, 2, ••• , p; M = 1, 2, ••• , 2p), 

1^=1 

be the Riemann projectivity belonging to T. The above system can be 
written 

2J) 2p l—2p 



M=l M=l C. i 



and therefore 



Let us set 



22! 

x^ = - 2/^ + X) a^, 2/v ( M = 1 , 2 , • • • , 2p ) . 

c— 1 



and let B^ be the coeiBcient of 6^„ in the expansion of the determinant 

B = \b^,\ (m, J- = 1,2, •••,2p), 

whose value is 

B = fliei- Diei^-l) >0. 
The {x)'s satisfy the congruences 



2p 



2_) -B^, a;, = , mod. S (». = l,2,---,2p) 



which possess iJ^p-i distinct solutions in numbers included between zero and 
B .* Thus to each of the B^^ sets of values of the (a;)'s all included between 
zero and B — and it is not necessary to consider any others — will correspond 
B^p~^ others giving the same coincidence point of the involution, hence the 
same multiple point of Wp . Therefore the number of these multiple points 
is precisely equal to B . 

The value of B is easy to compute. Let i^ ( a ) = be the characteristic 
equation of the complex multipHcation belonging to T . We have obviously 
B=F{1). FortheKummer surfaceF(a) = (a + 1)S£ = 16. For the 
hyperelliptic surface of rank 3 belonging to the matrix 



1, e, T, er 

1, €^ r', e'r' 



_ „2nt73 



F (a) = (l + a + a^)^,F(l) =3^ = 9, which is actually the number found 
by Bagnera, de Franchis, Enriques, and Severi. 

122. When m is arbitrary, the singular points are of different nature accord- 
ing as the corresponding points of Vj, are coincidence points for all the powers 

* Krazer, Lehrbuch der Theta Functionen, p. 57. 
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of T or for some of them only. We shall examine in detail the case of m = q, 
prime. The case of m arbitrary can be treated in very much the same way. 
We may also take the numbers ai all equal to zero and we then have for the 
equations oi T u'i = i^'Ui {i = 1 , 2 , • ■ • , j)) , where the numbers ± rij form 
2p/(? — 1) times a complete set of residues modulo q. The neighborhoods 
of the multiple points are transitively permuted by a finite group of birational 
transformations of Wj, which corresponds to a group of ordinary transforma- 
tions of Fp (Bagnera and de Franchis). Hence the neighborhood of any one 
of them is equivalent to the same number k of infinitesimal hyper-surfaces 
and, from the point of view of Analysis Situs, they behave alike. It is there- 
fore sufficient to consider the multiple point corresponding to the coincidence 
point Ml = M2 = • • • = Up — Q . 

The groups of points of the involution in the neighborhood of this co- 
incidence point are in one-to-one correspondence with the groups of points of 
the involutions determined in an Sj, by the homogeneous transformation of 
coordinates 

^x'i = €"' Xi, ^x'p+i = Xp+i {i = 1,2, ■■■ ,p) 

in the neighborhood of the coincidence point 0(0,0, •••,0,1). Designate 
by Mj, the image of this involution of Sp and by s the number of distinct expo- 
nents modulo q among the (n)'s. In the neighborhood of the multiple point 
0' of Mp transformed of , there will be s distinct branches corresponding to 
the s infinitesimal varieties of coincidence of the involution in the neighbor- 
hood of . Let us apply a quadratic birational transformation to the space 
containing Mp transforming it into a variety M'p , this in such a manner that 
0' becomes a hyperplane H . The s branches just mentioned become, as far 
as their parts in the neighborhood of 0' are concerned, the neighborhoods of s 
linear spaces oi H , of which we shall designate any one by K" . To K" 
corresponds on Mp an infinitesimal variety K' very near 0' , and on Vp an 
infinitesimal variety of coincidence K very near . The p — 1 dimensional 
elements of Vp passing through K undergo an involution whose representative 
equations with suitably chosen homogeneous parameters xt are of the type 

fa;- = €"*-""-a;i (i = 1,2, ••-,«') 

tx['+i = Xt'+l (? = 1,2, •••,«), 

where rih is one of the indices n, perfectly defined when K is known. This 
involution is of the same type as previously except that we have now only 
5 — 1 distinct groups of exponents. In the neighborhood of K" there will 
then be ( s — 1 ) distinct branches of Mp . This reasoning may be continued 
until we isolate elements in the vicinity of which there is only one branch. We 
shall then have k = si In particular, if the (?i)'s form a complete system of 
residues, then k = ( g — 1 ) ! The singular points are therefore equivalent to 
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Bk = Bs\ infinitesimal algebraic hypersurfaces and therefore p = [p] + Bs\ 
We recall that when any invariant is written within square brackets, its value 
is assumed taken disregarding infinitesimal cycles (See No. 11). 

Remark: The preceding discussion, followed by a reasoning analogous to 
that in No. 51, may lead to a proof that Wp is birationally transformable into 
a non-singular variety contained in a suitable space. 

§ 3. Indices of connectivity of varieties of rank > i 

123. Let us assume the birational transformation of type (2). The matrix 
Q is then equivalent to the matrix 12' of No. 118. Designate by 6^ the linear 
cycle of Vp corresponding to the period e"' r,,, , by ( Sr/ , 5^^^ • • • , dn,' ) Jhe 
s-cycle corresponding to the linear cycles in parenthesis, and by ( 5^,' , 8^^ , 
• • • , bt;) the corresponding cycle on Wp . On this last variety 

if the sets of integers (p.) , (v) differ only by their order and if moreover, 
when pd = Vd', then ha = kd' + v . The integer ?i indicates the number of 
inversions when we pass from one of the systems of superscripts to the other. 
The cycles ( 5g; , 6^2 , • • • , 8^', ) form therefore a base for the finite cycles on 
Wp . It is not in general possible to give an exact formula for [Rs], but we 
can give a geometrical process to obtain this number. Let first p = p, s = 2. 
We mark on a circle the vertices 1,2, • • • , m of a regular m-sided polygon 
and denote hy ri, r^, ■ • • , r^^ the numbers which are prime to m and < m. 
We join the vertices )•»■ to each other and the number of segments of distinct 
length thus obtained is equal to [R^]. Similarly [Rs] is the number of dis- 
tinct incongruent convex polygons having for vertices s of the points r;. If 
p > p, r > 1 , \ve take rn division points and use the points Vi, Vi + m, ■ ■ ■ , 
Ti + {r — l)m as the vertices of convex polygons. 

124. Case of m = q, odd prime. We can then obtain simple formulas for 
the indices. Let first 2p = q — 1 . An s-sided convex polygon will be deter- 
mined by s integers whose sum is q , say hi,hi, ■ ■ ■ ,hs. Two convex polygons 
that correspond to partitions ^1,^2, • • • , hs, and h'l, K, • • • , K , of q will be 
congruent li h'i - h = K - h {i, k = 1 , 2 , ■ • • , s) . But in all there are 
(^Ii) arrangements of s integers yielding a sum q. Taking account of the 
possibility of permuting cyclically the (A)'s, we obtain [Rs] = ;(?-i)- This 
number is actually an integer for (*) = |(*lj ) is an integer and s is prime to 
g . In particular [R^] = p. We can similarly obtain [ Rs ] whatever r , but 
we will merely indicate here the formula, easy to obtain, [^^2] = ^r'^iq — 1 ) • 

125. Formula for R2 . If we assume that the infinitesimal algebraic cycles in 
the vicinity of the multiple points are all independent, we have i?2 = [R2]+Bk. 
To prove that this is actually the case, it is sufficient to show that the infini- 
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tesimal hypersurfaces in the neighborhood of these points are algebraically 
distinct. We shall merely give some rapid indications on this question: — 
A , B being any two of them we take suitable multiples C , D oi the hyperplane 
sections passing the one through A and the other through B , then two hyper- 
surfaces, Ci, Di, of the same systems infinitely near C, D respectively, but 
passing through neither A nor B . We have [ C' D^-'] = [ C{ DT'], i >0, 
hence at once [ A* -B*^' ] = . By considering then two hypersurfaces through 
A, it may be shown that [Ap] 9^ 0. Finally [A' Hp-'] =0, p> i>0, 
for every H of Wp not passing through the multiple points. By a reasoning 
of Seven's follows readily that the infinitesimal hypersurfaces of Wp are 
algebraically distinct. Moreover, it Hi, H2, ■ • ■ , H^^^ form a base for the 
hypersurfaces of Wp when we neglect the multiple points, there is no relation 
between the (H)'s and the infinitesimal hypersurfaces. These facts have 
been established by other methods for the case p = 2hy Severi, Bagnera, and 
de Franchis. 

126. Let us pass now to the determination of the invariants [<Ts], Cs , o' • 
Let A be a non-zero s-cycle of Vp such that no sum of less than m of the cycles 
r* A be ~ but 5ZS^^ T* A ~ . If Ai is a cycle which is not homologous 
to the cycles T* Ai (0 < fc < m) , we can take A = TAi — Ai . Let 5 be 
the cycle corresponding to A on Wp. If fcS bounds on Wp, A + ^A + • • • 
_j_ fh-i ^ must bound on Vp . Hence according to the assumption made, we 
must have h = m. Moreover, we have actually m6 ~ and therefore b is a 
zero divisor for the s-cycles of Wp . Are we really dealing with actual zero 
divisors? This is certainly the case if Wp is without multiple points, that is, 
if there are no coincidence points on Vp . Then, if m = ^ , prime, (Ts is of the 
form m°- and in particular a = ai = q''; r = 2p'/{q — I) , p — p' being the 
genus of the submatrix maintained invariant by T . 

Let us return now to the case where there is a finite number of coincidence 
points. I say that then <ti = (72p-2 = <r = 1 . For, if ^ is a finite hyper- 
surface of Vp , algebraically distinct from its transformed by the powers of T , 
B a variable hypersurface of the same continuous system as A , while A' , B' 
are the corresponding hypersiu-faces of Wp , then A' — B' is to be considered 
as a divisor of zero and we obtain all those divisors in this manner since they 
are all algebraic. Now, let B approach a coincidence point. B' will approach 
a singular point, and at the limit A' — B' will have become a zero divisor 
if we consider the singular points as ordinary points, but certainly not if we bring 
into play the infinitesimal hypersurfaces in the neighborhood of the singular 
point, for then A' — B' will be equal to a sum of such hypersurfaces. Hence 
on the variety with ordinary singularities birationally equivalent to Wp, 
A' — B' will not be a zero divisor and we shall have <r = 1 . This is in agree- 
ment with the results of Severi, Bagnera, and de Franchis. 
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§ 4. Integrals of the first kinds. Invariants p , [p], p, 

127. When Wj, is the image of an involution generated by a transformation 
(1), it possesses p' simple integrals of the first kind, hence if 2?' =0, Wp is 
regular. 

Let us assume then Wp regular. When we express the coordinates in terms 
of the (m)'s, a A;-uple integral of the first kind must assume the form 

S Aj,j,...j^ ff-- fduj, duj, ■ ■ ■ duj„ 

and remain invariant when we apply T . We may assume T in the form (2) 
since the (q;)'s have nothing to do with the question. We must then have 
n^i -\- nj^-\- • • • + rij^ = 0, mod. m, unless Aj^j^...j^ = 0. Thus, every in- 
tegral of the first kind is a linear combination of the integrals invariant under 
T . The converse proposition is obvious. 

I say now that if T is of the form (2), does not maintain invariant any 
reducible system of integrals of the first kind, and maintains invariant a k-uiple 
integral of the first kind {k > 1 ) , then Wp does not contain any congruence 
of spaces* 

By congruence we mean a system of algebraic manifolds such that one and 
only one passes through a given point of Wp . For there will be an invariant 
integral such as y /" • • • J'dui dth • • ■ dui- . The variety Wp contains a ruled 
fc-dimensional variety M^, locus of straight lines of which one goes through 
every point of the variety. Such a variety possesses no fc-uple integrals of 
the first kind — this can be proved as done by Picard for k = 2. Hence on 
Mi the above integral reduces to a constant. It follows that on M'j-, and 
therefore on the corresponding variety Mk of Vp, several of the differentials 
du, for example dui, dui, ■ ■ ■ , dui, vanish, and hence at once that Ui, u^, 
■ ■ • , ui form a system of reducible integrals invariant by ^.f This contra- 
diction proves our theorem. 

128. When Q, is of the type of No. 118 with r > 1 and T does not transform 
into itself any system of reducible integrals, there will certainly be invariant 
integrals. For the {n)'s are certainly not composed with r times the same set 
of ju exponents. There will then certainly be two whose sum is m and therefore 
at least one double integral will be invariant. In particular, if Q is pure and 
r g 2 , Wp does not possess any congruence of spaces. 

129. Let us show that what we have just stated still holds if r = 1 and m 
is a prime number, q > 7 . For since the characteristic equation corresponding 
to T is irreducible there will then be no system of reducible integrals invariant 
by T. Everything reduces therefore to establishing that among the (re)'s 
we can always find a set ?ti , ?i2 , • • ■ , nk whose sum is divisible by q . The 

* For p = 2 this has been proved by Enriques and Severi. 
^ Castelnuovo, Rendiconti dei Lincei (1905). 
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condition k > 2 must be added as follows from the fact that none of the (n)'s 
may be conjugate to each other. 

If p < ny < 2p + 1 = g , we can replace rij by — g + ny . Hence, modulo 
q, Ui, Hi, • • • , np are nothing more nor less than the numbers 1,2, • • • , p 
affected with an arbitrary combination of signs and we have to prove the fol- 
lowing : Whatever these signs, we can always form, with some of the numbers 
of the set, a sum divisible by q . 

Now, we may at once verify the following: If the integers 1, 2, 3, 4, 5 
are not all affected with the same sign, we may form with them a zero sum 
except when 1 or 2 are taken with one sign and the four others with the opposite 
sign. In these two cases, it is easy to verify that we may form a sum equal 
to d= 11 . Hence the theorem is true for g = 11 . Assume g > 11 . We can 
change all the signs, hence we may assume 3 taken positively. Let then a 
be the first integer > 5 taken negatively. If a = 6, we have the following 
three possibilities as to the signs of the first six integers and for which there 
may be doubt: 

1,2,3,4,5,-6; -1,2,3,4,5,-6; 1,-2,3,4,5,-6. 

In the first two cases 2 + 4 — 6 = and in the third —2 + 3 + 5 — 6=0. 
If a > 6 and a is even, in the only doubtful case where 3,4,5 are all taken 
with the same sign + , the combination |a — 1 , ^a + 1 , —a gives a zero 
sum, while if a is odd, the combination |(a + l),|(a — 1), —a yields 
the same result. The theorem is therefore proved. 

130. Numbers p, [p], po- Let us take again for matrix fi the matrix of 
No. 118. In the notations used above [p] is the number of algebraic cycles 
of Vp of type 

ti,V,S t=l 

The period of f fduj duk with respect to this cycle is 

and it is zero as we might expect when ny + n^ ^ , mod. m , whereas for 
rij = — Hk, mod. m, it has the form 

where 7^^ is a polynomial with integral coefficients. Hence [p] = (1 + ko) 
where ^'o is the number defined in No. 107. As to the other invariants, we 
have 

P0= [-K2] -[p], P = [p]+B-K. 

In particular, if m = q, prime, and if t is general, then [ p ] = 1 , 
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po = ^r^iq — 1) — 1 . If r = 1, we never have ny + n^ = 0, mod. m, all 
the periods of the nature in question are zero, hence [p] = [R2], po = . 
Thus the variety of rank m corresponding to the matrix 

||1,6"^ • • • , €(2^-«"^- II (i = l,2, ■■■,p) 

has neither double integrals of the first kind nor double integrals of the second 
kind. 

Chapter IV. A class of algebraic curves with cyclic group and their 

Jacobi varieties 

§ 1. Integrals of the first kind of the curve y'' = YLti^ ~ '^»)'^ il odd prime) 

131. The object of this chapter is the investigation of the curves 

r+2 

(1) y'' = Tl (^ ~ '^iT' (g odd prime) 

»=i 

characterized by the possession of a cyclic group of genus zero. Their import- 
ance consists in that their Jacobi varieties are the most interesting example 
of the varieties discussed in Chapter II. Furthermore they belong to a class 
much studied by various authors especially in regard to the presence of re- 
ducible systems of integrals of the first kind. We believe that the results 
here given constitute the most far-reaching investigation along that line. 
The restriction of q to odd primes is of course narrowing, yet it is amply 
compensated by the greater elegance of the results obtained. Very likely 
much of the discussion that follows holds for any q, and perhaps even when 
the group is of genus other than zero. 

132. Let p be the genus of (1) which we shall call Cp in the sequence, and 
T the cyclic transformation, 

X = x' , y = ey'; e = e ' . 

T leaves no rational point function on Cp invariant other than those rational 
in X alone. R{x) being such a function, any other can be expressed as a 
rational function of R{x) , if and only if x itself can be, which requires that 
R{x) = {ax + b)/{cx -\- d) . Hence x is characterized by being invariant 
under T , and, up to a projective transformation, by the fact that any other 
point function on Cp invariant under T is rational in x . Thus x is determined 
by properties invariant under any birational transformation. The anhar- 
monic ratios of the values of x at the critical points, or coincidence points of T , 
are therefore invariant relatively to birational transformations, and as they 
completely determine Cp those which are functionally independent among them 
can be taken as the independent moduli of the curve. 

The point Ai {at, ) is critical for the function 3" ( x ) if «»■ is not divisible 
by g . If /•' + 2 is the number of critical points, Cp depends upon r' — 1 moduli. 
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Let C'p be a curve 

i 

birationally equivalent to Cp and this in such a manner that T becomes a 
transformation of similar form say 

X = x' , y = t^ y' 
forC;. Let 

x' = Ri{x, y), y' = R^ix, y) 

be the transformation changing Cj, into C[,. Since Ri and Rl are invariant 
under T , R\ must be rational in x, and as x must be rational in Ri we have 
R\{x) = {ax + b)/{cx + d) . The conditions relatively to 

ai 

Riix, y) = Ri{x, n (« - ^i) ' ) 

i 

require that R^ be of the form y^-R{x) , where n is an integer prime to q . 
Hence the transformation from Cp to C'p must be of the form 

(2) '■■ = ^^ v'-r-RM. 

Conversely if Cp can be changed into C[^ by a transformation of the form (2), 

(2) is birational. For let X , /x be two integers such that rik -\- qjx = 1 . Then 

2/ = 2/"^+«'' = 2/''-Si(.t) =y'"-S2{x'), 

where Si , Si are rational functions. This is sufficient to show that x , y are 
rational in x' , y' . 

It is readily seen that a suitable transformation (2) will reduce Cp to 

y" = Ilix-ai)<, 
i 

where the ( a' )'s are subjected to the sole condition of being congruent modulo 
q to the numbers na,, n being an arbitrary integer. In particular the (a')'s 
may thus be replaced by their least residues modulo q, and then the (a)'s 
remaining will all be critical points. We shall assume that this has already 
been done, the number of critical points being r + 2, so that Cp depends upon 
?• — 1 moduli. 

If we examine the behavior of y at infinity we find that there is a critical 
point there corresponding to an exponent — Y,<Xi. Hence the sum of the 
exponents corresponding to all critical points is divisible by q . 

133. Let us assume then that ar+2 = <» so that the equation is in the form 

(3) y" = II {x - UiY'. 
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As the sum of the (a)'s for all critical points is divisible by g, we may 
assume that the r + 1 exponents here indicated are prime to q as well as 
their sum and are their own least positive residues modulo q. Each critical 
point counts for q — 1 branch points of the Riemann surface representing 
the function y {x) and there are no others. As the surface is g-sheeted, we 
have (r + 2)(g — 1) =2(p + g — 1), therefore p = 2'*(?~ !)• 
Any integral of the first kind is of the form 

where the (ii)'s are rational functions. If we apply T'' it becomes 

'Rn{x) 



n *j 



-Ax. 



y" 

Summing with respect to k it is found that 



/ 



yn 



is of the first kind. Hence at once Rq = . Moreover by considering what 
happens at the critical points we find readily that this last integral is of the form 



'■+1 



= j-L-^^ 4>{x)dx 



where <^ is a polynomial. Any other integral is then linearly dependent 
upon those such as u — a result due to Konigsberger. 

134. In order that u be of the first kind the following inequalities must be 
satisfied : 



(4) 



ft-— >-l (i = l,2,---,r + l) 



Z^Z^i-'-'>o, 



r' — 1 being the degree of 0. To take the (/3)'s as small as possible is tanta- 
mount to changing the degree of <j) . Denoting as usual by [m] the least 
integer contained in the positive number m, let us take then /Sj = [nat/q] 
so that all but the last of (4) will be satisfied. The second may be written 

The second parenthesis is positive and < 1 , 
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... j^2:^]-z[^]^r'>o. 

Conversely if this inequality is satisfied u is of the first kind whatever the 
polynomial ((> of degree r ' — 1 . For it is only necessary to verify the last of 
(4). Now since neither n nor J^at are divisible by q, 

x^-Zft-^'>[i:^]-z["^]-r'so, 

as was to be proved. 

Thus for every n there are r' integrals of the first kind, where 



^' = [zf]-E[^']- 



134. When Cp is transformed by T its Jacobi variety undergoes the trans- 
formation Uj = e^'-Uj ( j = 1 , 2 , • • • , p ) , where Ui, U2, • ■ • , Mj, are p inde- 
pendent integrals of the first kind such as u , with rij corresponding to n . The 
corresponding value ry of r' denotes the number of times that the multiplier 
e"' is repeated. But if r'. corresponds to £""•' = e'"""^ and if the (n)'s are all 
included between one and q , then 



r,- + r. 



Hence the complex multiplication corresponding to T is of the type which we 
have studied. The multipliers are the roots of an irreducible equation of 
degree q — 1 whose rth power is the characteristic equation. These multi- 
pliers, it is scarcely necessary to point out, are all imaginary, each being a 
rational function of its conjugate — in fact its inverse. This of course does not 
allow us to apply without a preliminary discussion the formulas of Chapter II, 
since the Riemann matrices are by no means the most general of their type. 
It is nevertheless remarkable that if the critical points are arbitrary the 
formulas for the indices of the Jacobi variety are the same as for the most 
general Abelian variety of similar type. 

The integer r , equal to the number of critical points decreased by two, will 
play the same part as in Chapter II, and we observe at once that if r = 1 , 
one of the two numbers ry , r'^ is always zero. 

135. Let now co be any period of u . We have 

r f*"li+ 1 

0, = ^ e""*" ( 1 - e'"'*.^ ) . I du {m -0)- 

('=0 Jxo 
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Also 

^"",.(1 _ e">+i) = (1 - e")-^^(€"), 

where g,, is a polynomial with integral coefficients. Hence 



w = (1 -6") Z^^(e»)- n^'du. 

f=0 Jo-o 



On the other hand 

r^ = - (1 - «")• I (lit - €"(1 - «-")• I (^M = (1 - €")• I du 

is a period, and so is e^^r^, as well. The (7)'s in the sequence designating 
polynomials with integral coefficients, we have 

a)-Tr(e)r, = (1 -e«)E5'M(«")- ^.u 

{g'^ = g^, IX <r - I; g',-1 = Qr-i + gr) . 
This reasoning may be continued until we have finally 

The left-hand side is a period, hence the other side must be one also. But the 
corresponding circuit in the x plane can only surround the critical point Oi, 
hence it is a zero cycle of Cp and 70 = 0. Another way of seeing it is to 
remark that the second side of the equation like the first must be independent 
of xo and as it is zero for xq = ai, it must vanish identically. We have then 
03 = X!Jl=i 7/i ( «" ) •''m • If iri place of n we had rij , e" would have to be replaced 
by €"■■, whence follows that the period matrix is equivalent to one composed 
with the arrays, 

T = II T- II • 111 f^' f^'^' . . • «:(9— 2)n, 11 

(i = l> 2, •••, p; M = 1, 2, •••, J-), 
where 



'JM 



= I du. 



Remark: It is clear that instead of taking for limits of integration two 
(a)'s of consecutive indices we could take any two (a)'s provided that the 
quantities ry,, are not related by a linear equation 

E7M(«"0^yM = (i = l,2, ...,p). 

136. Weierstrass points. We recall that a point A of an algebraic curve of 
genus p is said to be a Weierstrass point if the excluded orders of infinity for 
rational point functions of which it is the sole pole do not form the series 
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1,2, • • ■ , p . According to Weierstrass the number of such points is finite 
and > if p > (lacunary theorem). Let i be a variable such that a certain 
region around the origin in the t plane be in point-to-point correspondence 
with the vicinity of A on the curve. We may choose p integrals of the first 
kind Ml , M2 , ' ' • , Up, such that near A 

Ui = f^%{t), 

where Si < Si < •■• <Sp, and the ('iP)'s are holomorphic functions near 
t = and do not vanish there. Of course the choice of the (m)'s is not unique 
but the («)'s are perfectly determined and in fact they are the excluded orders 
for A , which is then a Weierstrass point if and only if 

The integer m is called the order of the point. It is at once obvious that this 
order is invariant under birational transformations and hence that a birational 
transformation of the curve into itself simply permutes these points. Hurwitz 
has shown* that if the curve is not hyperelliptic m < ^p{p — I) , whereas 
for every Weierstrass point of hyperelliptic curves m = ^p{p — 1) . 

137. Let us now return to the curves which we are investigating and choose 
for the rj integrals belonging to rij the following : 



/ 



(_ Yj- _ 1 , Z , ■ • • , Tj ) , 

and for the variable t relatively to {at, ) , 

t = (x - ttiY. 

To show that it is suitable observe that in the neighborhood of the point 
( fflj , ) , 2/ is holomorphic in t , and in fact 

where ^(z) is holomorphic in z near the origin and does not vanish there. 
Hence if e , e' are integers such that eai + e' q = I (we shall frequently write 
e ^ 1/a;, mod. q, when e satisfies such a relation), we have 

t = y'{x - aiY ^{x - tti). 

It is then verified at once that the integral written above has a development 
near t = 0, oi the form 

/'•"^^'"-"'"^i(^«). 



*Mathematisohe Annalen, vol. 41, (1893). 
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where '!|3i behaves like '^ . That this function contains only terms in <« is 
seen at once by observing that the effect of T on both t and the integral is 
merely to multiply them by powers of e . 

The exponents ( |S{ + yj)q — rij ce, form the set of integers Si, S2, • • ■ , Sp 
for Cp and the point At. 

We may apply to Cp a birational transformation such that ai be replaced 
by unity and rij by n'. = rij ai , mod. q, < n'j < q. Then |Sy will be replaced 
hy [n'j/q] = 0, and the set of the {s)'s becomes the set 

yjq - n'j ( 7,- = 1 , 2, • ■ • , r; ; i = 1 , 2, ■ • • , g - 1 ) . 

They certainly do not form the set 1 , 2 , • • • , p if r > 1 and the numbers rj 
are not all equal. Hence the critical points are all Weierstrass points when 
r > 1 , unless the numbers rj are all equal. 

Assume now r = 1 . Then 7y = , or 1 , and we have to deal with the set 
q ~ ''^'j (i = 1 ) 2, • • • , p) which is up to a factor mod. q the set of the (n)'s. 
Hence if the set of (n)'s is not congruent mod. q to the set 1 , 2, ■ • • , p , the 
three critical points are Weierstrass points. 

138. We shall now apply similar considerations to the proof of a very useful 
theorem : — If two curves, Cp, Cp, 

y = U (x - UiY' , y^ = Iiix-a[p, 

i i 

are birationally equivalent through a transformation S, this transformation will 
be of type (2) if and only if it transforms some critical point into another. 

The condition is obviously necessary. Let us show that it is sufficient. 
Assume then that S transforms Ai(ai, 0) into Ai{a[, 0), these two points 
being both at finite distance, which is not a restriction. Let Ui, u^, • • • , Up 
be the integrals of No. 137 corresponding to Ai and consider in particular 

Up = f'^{t^). 

It is determined up to a constant factor, for the development of ci Ui + C2 u^ 
+ • • • + CpUp begins with a term in f ' if d is the first coefficient c not zero. 
Hence it begins with a term in f" only if all the (c)'s except Cp are zero. 

Let now {x, y) , {x' , y') he two corresponding points of Cp , Cp through 
S and set x' — a\ = t'\ The two variables t, t' are obviously holomorphic 
functions of each other near the origin. Hence 

( "ip here as in the sequence designates a function of the type already described.) 
In making this substitution in Up it becomes 

u'^ = t"'{a + bt" •••)• 

Trans. Am. Math. Soc. 30. 
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This shows that the integral corresponding to Sp for Ai on Cp corresponds to 
it also for A[ on C'j,, as might indeed be expected. Now 

' (x - aiYRix) ,^ ^,, _ f (.t' - a '.Y'R'ix') ^^, 



, _ rix-aiYRix) J , _ rix' 

ip — I ax, Up — I 



2/" J y 

where R, R' are rational functions which neither vanish nor become infinite 
at tti , a\ respectively, and moreover 

5 — nai _ 5' — n' a.[ _ Sp ^ 

Near x = «» , x' = a\ , we have then a relation 

{x - ai)^-'^{x - ai)dx = (x' - a')?"'^'(x' - a'i)dx'. 

When X approaches a^, x' must approach a'^; hence if we integrate, the con- 
stants of integration must be made equal to zero. Integrating, then raising 
to the power q/sp , we obtain 

(x - ai)% (x -ai) = ix' - a', ) % {x' -a',). 

This shows that x' is holomorphic in x in the vicinity of x = Ui. But there is 
a relation 

x' = R{x, y) = Y^Rs{x)y\ 

where the (iJ)'s are rational functions. If the (/i)'s other than Ra were 
9^ , x' would have an algebraic critical point at a'^ , hence x' = Ro{x) . 
Similarly x is rational in x' , and therefore x' = (ax + b)/{cx + d) . But also 

y' = R'{x,y) =SiJ:(.T)2/V 

Now 2/" is rational in x' and therefore in x, which requires that of the {R')'s 
only one, and that one of index > , does not vanish. The theorem is therefore 
proved. 

Remarks: I. If the equation of S for y is 

y' = y'-R(x), 

it is seen that its effect upon the integral % corresponding to rij is to transform 
it into an integral corresponding to Xrij , that is, all the (n)'s are multiphed 
by X, mod. q. But Sp = — Up «»• = — n'j, a' , mod. q, 

.'. — ^ = — 5 = X, mod. q. 
rip ai 

II. The equations of the transformation T' of C^ corresponding to T on Cp 
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are x — x' , y = e^ y' , that is, by virtue of S the cychc transformations 
apparent for each curve are transformed into powers of each other. If we 
recall then the invariant meaning given to x in No. 132 relatively to birational 
transformations we see at once that S transforms the set of (^)'s into the set 
of (^')'s. Hence if a birational transformation changes a single point Ai into 
an A'i it does so for all of them. 

139. A particularly interesting case is that where Cp and C'p coincide. 
According to the remark just made, a birational transformation of Cp into 
itself either permutes the set of {A)'s with a similar set having not a single point 
in common with the first and corresponding to a cyclic transformation of order q 
not a power of T , or else it maintains the set in question completely invariant. 
Assume then S to be of the second type and let v be its order. Its equations 
for a suitable choice of x will assume the form 

x' = r]x, y' = y'' R{x); {-q = e " ; X" = 1, mod. q ) . 

Incidentally if X > 1 , f is not prime to q — 1 . If ai is a critical point, 77* a^ 
is one also, and the corresponding exponent a can be taken to be X* a^ . Also 
if one of the points x = , x = co , is critical, it will be maintained invariant 
by S, hence then (Remark I, No. 138), X = 1. There are two distinct 
possibilities : 

(a) X 5^ 1 , mod. q . Cp can be reduced to 

where <^ is a polynomial with ^ ( ) y^ . The critical points of this curve 
are not completely arbitrary. As our investigation Avill be limited to curves 
with critical points as arbitrary as possible for each type the only curve of this 
nature that we shall have to consider is the curve with three critical points, 
and J' = 3 , reducible to : 

2iri 

y" = {x - I) {x - TiY {x - ri^y\ (X^ = 1, mod. ^; r? = e 3 )» 

and which presents itself only when g — 1 is a multiple of three. It may be 
found directly that the equations of S are 

x' = -qx, ?/' = ?7 « 2/\ 

(6) X = 1 , mod. q . Cp can then be reduced to 

y" = x^Yl {x" - a^)"^. 

The only curve of this type with arbitrary critical points is reducible to one 
of the two hyperelliptic curves 

tAj Hi ,1 O 9 
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For both curves, S is the ordinary binary transformation characteristic of 
hyperelliptic curves. This transformation is permutable with T . 

Remark: It is easy to show that if S maintains every A invariant then it 
is a r* . For its equations must be 

x' = X, y' = y-R{x). 

By direct substitution in the equation of Cp we find at once R^ = 1, hence 
iJ = €* which proves our assertion. 

140. We can now show that if a transformation T' of order q has also one 
of the (^)'s for coincidence point then T' = T^ . In other words a single 
coincidence point determines the rest of them and the corresponding cyclic group 
of order q as well. For if we choose x properly the equations of T' will be 

a;' = «»a;, y' = y''-R{x). 

Since T' is of order q we must have X« = 1 , mod. q , and therefore according 
to Fermat's theorem, X = 1 , mod. q , and we may take in fact X = 1 . Op 
will then be reducible to the form 

y^ ^x'^Uix'-al)'^, 
i 

with a not divisible hy q,ii we assume as we may that the common coincidence 
point of T and T' is at the origin. By direct substitution it is found that we 
must have R{x) = e""'* with the condition that na = 0, mod. q, if T" = 1. 
Hence we may take n = 0, and the equations of T' are finally x' = x, 
y' = (''.y which shows that T' = r~* as was to be proved. 

As a corollary if /S permutes the (^)'s among themselves, STS~^ being a 
transformation such as above is a T* , hence ST = T''-S . From this follows 
readily S^-T = T^-8^. This shows that the group generated by the 
products of the powers of S and T is of order qv , where v is the order of 8 . 
To obtain the exact relations existing between the transformations observe 
that S'-T = T = T'^-S", hence k" = 1 , mod. q . Moreover k^l, mod. q , 
else 8 would be permutable with T and this can only be when Cp is hyper- 
elliptic and S is its ordinary binary transformation. This results from the 
fact proved in Chapter III, that the only cyclic transformations of the Jacobi 
variety of Cp permutable with T is the ordinary transformation, u'i = — Ui 
(i = 1,2, • • • ,p) ,to which corresponds only the ordinary binary transforma- 
tion present in hyperelliptic curves, and none at all if the curve is not hyper- 
elliptic. This case being set aside for the present, we must take for v a root of 
the congruence other than one. 

This being assumed, we find first 

{8' PY = 2"-S»'; I = i¥ \ _ ^( • 
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It follows at once that in all cases S^' P is either of order v or of order q . It 
is certainly of order v when: (a) there are no relations S" = T^ , a < v; 
(b) j 9^ 0; (c) ^ is a primitive root of its congruence. 

141. Torelh has proved a proposition of which we shall make some very 
interesting applications:* Two algebraic curves of same genvs with identical 
period matrices as to sets of normal integrals of the first kind are birationally 
equivalent. 

It follows at once that if the period matrices of two sets of integrals of the 
first kind are equivalent the curves are still birationally equivalent. However 
of more interest to us is this immediate corollary: If a given algebraic 
curve possesses two distinct sets of integrals of the first kind with identical 
period matrices it possesses a birational transformation into itself by which 

*Rendiconti dei Lincei (1913). [Added in 1922: Rosati has shown in the 
Palermo Rendiconti, vol. 44 (1920), that Torelli's theorem requires that the periods 
correspond to retrosections. — As a matter of fact, in the cases of interest in the sequence 
this condition is actually fulfilled, and moreover Torelli's theorem is not essential as 1 proceed 
to show. 

Let 2/1, 2/2 = T-yi, 2/3 = P-yi, • • • , be the determinations of 2/. To each pair of loops 
aai , aa^+i , of the x plane, corresponds in a well-known manner a cycle S^ of Cp , running 
entirely (save perhaps in the vicinity of ai and a^j^\ ) in the sheets 2/t, 2/*+i ( 2/9+1 = J/i ) , of the 
Riemann surface of y {x) , and S^ = r'5^_i. The 2p cycles 6^ ( m = 1, 2, • ■ • , r; 
& = 1,2, •••,5 — 1) constitute precisely a fundamental system corresponding to the 
period matrix of No. 135. — Any birational transformation of the Jacobi variety, to occur later, 
shall have the property that it induces permutations of the {u) 's and of the cycks 5^ , 62, • • • , 
for each /i, of common order 9^ 0, leaving the period matrix invariant. Up to an ordinary trans- 
formation, this completely characterizes U , and I say that correspondingly there is a birational 
transformation of Cp into itself, which is not a power of T. 

Let C = U-Cp. To the coincidence points At { a, , ) , oi T on Cp , correspond those A^ 
of T' = UTU~^ on C , the indices being so chosen that if a^ is the same for A^ as ai for At , 
the ratios a^/a; are all congruent mod. q. This being done, we readily define a birational 
transformation S of Cp into C^ such that A^ = S-Ai, and that the cycles Ss^, S&^, • • • , are 
cyclically permuted by T" . Observe that any birational transformation of order g of C^ , 
with the ( A' )'s for coincidence points, is necessarily a T"' (No. 140). Now the ( m ) 's may 
be defined, up to a constant factor, by the nature of their expansions at a critical point, whence 
follows readily that their transformed by U on C^ play the same part for T' as the ( m )'s 
for T (i.e., T" merely multiplies them by constants). On considering the periods with respect 
to the cycles [/ • 6^ , and recalling the assumptions as to U , we see that they cannot be the same as 
the cycles iS-ag or r"S-5^, of same indices, for the first are not cyclically permuted by 7", 
while the last are. Hence U 9^ ST"", and S'^-U is a birational transformation of C^ into itself 
not a T"' , and as there is a similar one for Cp , our assertion is proved. 

We may also verify that the Rosati condition is fulfilled. For each of the sets of 2p cycles 
U-S^, S-d^ ( fc < q) , of C', has this property: If the Riemann surface of Cl is cut open 
along them, it is reduced to a two-cell, and these cells are reducible to each other by a homeo- 
morphism, wherein the cuts US^, S5^ correspond to one another. Moreover there are in- 
tegrals of the first kind with identical period matrices with respect to these cycles. From 
this follows readily enough the existence of two distinct sets of retrosections, with identical 
canonical period matrices, hence Rosati's condition is verified, and as previously C^ possesses 
a birational transformation into itself. 

Observe that from the discussion of No. 141 it will appear that unless the curve is hyper- 
elliptic, the order of the birational transformation of the curve is the same as that of U .] 
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the integrals of one system are transformed into those of the other. If then 
Ui, U2, • • • , Up and u'l, u'2, • • • , u'p are the two sets of integrals, M {x, y) 
any point of the curve, M' (x' , y') its transformed through S , we have 

n'j{x' , y') = Uj{x, y) + 5y (i = 1,2, •••,?), 

where the ( 5 )'s are constants. Since the two sets of integrals are distinct the 
algebraic correspondence defined by these relations is singular and therefore 

In particular if the period matrix is changed identically into itself by a 
certain equivalence the curve possesses a corresponding birational transforma- 
tion. 

We have already remarked that the transformation of the Jacobi variety 
defined by 

Uj{x' ,y') = - Uj{x,y) -\- bj (j = 1, 2, • •• , p) 

determines a birational transformation of the curve only when the latter is 
hyperelliptic. If Uj{x' , y') = Uj {x , y) + Sy were to determine a birational 
transformation of the curve, M and M' would be distinct points of a linear 
series of order and dimension one and therefore p = 0. Hence, except for 
the ordinary transformation possessed by hyperelliptic curves, to each bi- 
rational transformation U oi & curve of genus p > corresponds a non 
ordinary transformation of its Jacobi variety. — Under the following form this 
result will be found very useful : IftoUofCp, non hyperelliptic, corresponds 
an ordinary transformation of the Jacobi variety, U reduces to the identity. 

142. Returning to the Cp which we are investigating we shall show below 
that when r > 1 , and the (a)'s are arbitrary, then I -\- h = q — I, where h 
is the index of multiplication of the Jacobi variety. Exception must be made 
of the case where r = 2 and the integers ry are all equal to unity. Save in 
that special case which shall be fully examined in its place, the complex 
multiplications of the variety are then all linearly dependent upon those 
determined by the powers of T , and therefore (No. 119) the only non ordinary 
cyclic transformations of the variety are the powers of T . We shall see that 
if Cp is hyperelliptic we are in the exceptional case. Thus, save in the excep- 
tional case, if r > 1 the total group of Cp is the obvious cyclic group of order 
q , for otherwise there would have to exist non ordinary cyclic transformations 
of the Jacobi variety other than the powers of T . 

It follows that when the points Ai (at, 0) are arbitrary and r > 1 there 
is no analogous set distinct from them on Cp , hence any transformation of the 
curve into itself must maintain them invariant and therefore it is of type (2). 

143. Let us show that when r > 1 it is not possible that of the two numbers 
ry, rg-j, one be always zero. For with a suitable choice of integrals of the 
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first kind the period matrix would take the form 
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CO, 0, 0, 
0, w, • 







0, , CO 



W = II 1, €"', •••, €(«-«"^i| 



(i-^>^>-.^-f^). 



and depends upon no arbitrary constants whereas as we know it should depend 
upon r — 1 > of them. 

144. Hyperelliptic curves. The curve Cp being assumed hyperelliptic let 
S be its ordinary binary transformation. It transforms the point {x, y) 
of C-p into a point ( x' , y') such that 



/n(-^ 



fli) « dx 



changes in sign when x is replaced by x' . Dividing two such differential 
expressions, then raising to the gth power we obtain a relation 



IK^ -«.)'*= ILix' -a,y 



( Si integer) 



It shows that when x approaches one of the (a)'s, x' approaches another. 
Hence *S is of type (2) and by a proper choice of x we shall have merely 
x' = — X. The equations of the curve will then be 

y" = x'^Yl{x^-h\r 

i 

As we must have y' = y^-R{x) , we find by direct substitution ra = 1 , 
R = {— ly , and S will have for equations 






y' = (-ir-2/. 



The only hyperelUptic curves with unrestricted critical points are reducible to 
one of the following two: 



r 


= 


x' 


— 


a' 


r 


= 


x" 


— 


a2 


x^ 


— 


62 



In the first case where r = 1 , we have ai = 0:2 = 1 and the integers Tj and 
Uj are determined by [2wy/g] — ry g which shows that tij must be > g/2 
in order that r y = 1 . Hence rij takes the values p + l,p + 2, •■•,2p and 
the period matrix is at once seen to be equivalent to 



II l,t^,i^', ••■,€(«-2)^'|| 0- = l,2, ....p). 

For r = 2 the curve may be reduced to such a form that a-i = a^ = 1 , 
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az = q — 1 . Hence 

|-ndi_fl)-|_[-%(i^_l)]_,, = i_,,>o. 

Hence nj can take all the values 1,2, • • • , p and to each corresponds exactly 
one integral, the period matrix being composed with : 

||ryi,ry2||, ||1,€^ •••,£(«-«^'|| {j = 1 , 2 , ■ ■ ■ , p) . 

§ 2. Curves with three critical points 

145. Our next object is the study of the Cp whose r = 1 , and which is 
reducible to 

2/« = (a; - aiY'ix - a^Y' . 

Since 2p = g — 1 , we may assume g > 3, for, if g = 3 , we have to deal with 
elliptic curves which offer no great interest. 

Let ghe a primitive root of q and set rij = g"' , mod. q . The period matrix 

is equivalent to: 

||e!'^y^,9«.-+i^ ..., ,9^i+2p-i|| (i = l,2, •••,p). 

In conformity with Chapter II, § 3, we must first ask ourselves if there 
exists a subgroup of order v = p/p' of the cyclic group of the equation 
{x^ — l)/{x — 1) = , maintaining invariant the multipliers e""^ . This 
problem is equivalent to that of determining if there exists a factor p' of p 
such that if we add 2p' to one of the (e)'s we get another, mod. (g — 1) . 
Assume that such is the case. The period matrix may be put in the form 

Let us range the integrals of the first kind in such an order that Uj+kp> 
(k ^ V — 1) corresponds to Bj + 2kp' . We recognize then that under the 
assumptions made if we permute cyclically the columns of order kv + 1 , 
kv + 2, ■■■ , {k + l)v ( fc = , 1 , • • • , 2p' - 1 ) , in the period matrix in 
the form just written, and permute at the same time cyclically the rows 
j, j + P' , ■ ■ ■ > J + i" ~ ^)P' (i = 1 ' 2 , • • • , p' ) , the matrix is unchanged. 
Hence (No. 141), Cp possesses a birational transformation S of order v . The 
genus of the involution defined by a given point and its ( ?' — 1 ) transformed 
through the powers of S is easy to obtain. For if rj = e^"''" , S multiplies by 17* 
the p' integrals 

My + 17* Uj+p' + • • • + 17^""^^ * %+(^-i)p' (i = 1 , 2, ■ • ■ , p') . 

Hence the multipliers of the multiplication defined by S on the Jacobi variety 
are composed of the powers of r? , unity included, taken each p' times. There 
are then exactly p' integrals of the first kind maintained invariant by S, 
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which shows that p' is the required genus. Since the involution defined by 
T is of genus zero, no power of S can be a T* . Let now {x, y) be any point 
of Cp , and {x' , y') its transformed by 8 . This transformation permutes Uj 
with Uj+p' , whence at least three relations such as 

(x - ai)^'ix - a^ydx = {x' - aiYiix' - a^Y^dx' . 

If we divide two of them by each other we obtain a relation 

{x - aiY^ix - aiY' = (x' - aiY^ix' - ai)^, 

the exponents being rational. From this follows that if x tends towards one 
of the critical points, x' must tend towards another. 

Let us denote as before the critical points by Ai, A2, A3 and assume first 
that S maintains one of them, say Ai, invariant. Then the integer X of No. 
139 must be equal to unity, mod. q, and the curve is reducible to the form 
2/* = x" ( a;^ — a^ ) . It is therefore hyperelHptic. Let S' be its ordinary 
binary transformation. 88' maintains the (^)'s invariant, hence it is a T'' 
and therefore 8 = T'' 8' , which is absurd for T* 8' determines an involution 
of genus zero while 8 determines one of genus p' > . 

We conclude then that 8 permutes cyclically the critical points, and that 
X^ = 1 , mod. q. Cp is therefore reducible to the curve 

y^ = {x - l){x - riYix - ri^)"-'; rj = e~^ 
of No. 139, the transformation 8 being of order three, with equations 

x' = rjx, y' = v " -y^ • 

This curve which we shall denote by dpi exists only if g — 1 is divisible 
by three. When g > 3 , the exponents 1 , X , X^ are distinct and the curve is 
certainly not hyperelliptic. 

Referring to Chapter II, § 3, we may affirm that the invariants of the 
Jacobi variety when r = 1 are given by 

1 + A = 2(1+A;) =2p = g-l 

unless we deal with dp' when we have 

l+h = 2{l + h) =62J = 3(g-l). 

In this last case the period matrix is isomorphic to one of type 



w, 


0, 





0, 


CO, 





0, 


0, 


w 



where a is pure and of genus f' = p/3 . 
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146. The curve Czp' may be reduced to a particularly interesting form. For 
since |( g — 1 ) is an integer, q is decomposable in a unique manner in the 
domain X ( V3 ) , hence there are two relatively prime positive integers m,n, 
such that q = m? — mn + n^ . The curve represented in homogeneous co- 
ordinates by x™ ?/" + 2/™ 2" + 2™ a;" = is invariant under the collineation 
group of order Sq generated by the two operations 



x' = y, 


y = 2, 


z = x; 


x' = e^x, 


y' = i^'y, 


z' = z. 



Let 7 , 5 be two integers such that my + Ji5 = 1 . If we apply to 
^m yn _^ yM _^ ym _ Q ^j^g biratloual transformation 



whose inverse is 
we obtain 



x = x y , y = X y 



x = X" y '" , y = x^ y 



y,i ^ _^/-«--v(™-»).(i+^/)_ 

To prove that this is the curve Cap' we observe first that 

m^ — mn + n^ = q = q{ my -\- nd) , 
.'. m{m — n — qy) = — n{n — q5) 

and since m and n are relatively prime, there is an integer t such that 

m — n — qy = tn, n — q8 = — tm , 

whence 

m — n(l + t) 8 = n + tm 
y = ^^ , ; 

q q 

.'. — m8 — y (m — n) = — (1 + t) . 

The three exponents «», corresponding to the curve obtained, can therefore 
be taken to be 1 , i , — ( 1 + ■ Now nt = m — n, mod. q , 

:. n {1 -\- 1 -{■ f) = m^ — mn -{- v? = Q , mod. q . 

But n may be assumed < m, and the relation which defines them shows that 
n^ is less than q and therefore prime to it. It follows that 1 + i! + i!Ms 
divisible hj q,orf = I, mod. q , so that t is either the integer X or X^ mod. q , 
for i! = 1 , mod. q , would mean that either g is 3 , or re^ is divisible by q . The 
curve which we have obtained corresponds then to the three exponents 1 , X , 
X^ and in the case r = 1 , this suffices to establish that it is birationally equiva- 
lent to Czp> ■ 

The two simplest curves Csp- have been considered at length by Klein 
{q = 7) , and Virgil Snyder {q = 13) , under the form 

x^ y -\- y^ z -\- z^ x = 
a;* 2/ + 2/^ 2 + 2^ « = 
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and the invariants of their Jacobi variety have been directly computed by 
Scorza.* 

147. The consideration of the Weierstrass points will be useful for the 
problem which will occupy us next. Let s] be the value of the integer Si of 
No. 136 for Ah . We find at once 

s] + s^ + si = ( ^i + ^- + /3- - . / "^ + "^^ + ^^ ) g + 3g . 

In expressing that Ui is finite at infinity we find that the first term at the right 
< — q, hence the left side is <2q. But ai + a^ + as is divisible by q. 
Hence this left side, which is positive, is a multiple of q, and therefore is 
exactly equal to q , that is 5^ + s j + sf = g . Hence, if m^, is the order of the 
point Ah, 

mi + m2 + m3 = 2_, (*; + ^t + s]) - ^'-^ - 

= ^a- ^P^P + ^^ = P(g-l) . 
"^2 2 

148. We have seen that for the curves other than C^p^ ,l + }i = q — l=2p. 
Hence (No. 142) the total group of these curves is the cyclic group of order q 
generated by T , except in the hypereUiptic case when it is of order 2g. It 
remains to examine Csp/. We propose to show that when q > 7 the total 
group of Csp' is the group of order 3g generated by the cyclic operations T of 
order q and S of order 3 . 

We have seen that ST = T^ S , where fx^ = 1 but n + l,mod. g, and 
therefore the group generated by S,T, is indeed of order 3g. Moreover 
either n or /x^ is the integer repeatedly denoted by X . Since there are no 
relations S" = f^ S' T* (i = 1 , 2) is of order three (No. 140). 

149. Let 2Z be a birational transformation of Csp/ into itself, not an S* T* ,. 
and let v be its order. It induces in the Jacobi variety one of equal order, Xi' > 
for when either one is the identity so is the other (No. 141). Hence among 
the multipliers of X^' is found at least one primitive v-ih root of unity. On 
the other hand these multipliers satisfy the characteristic equation, which is 
of degree g — 1, and as we know (No. 93), is reducible in K{e) , its left side 
becoming there the product of 2p' cubic factors. — Now the primitive j'-th 
roots satisfy an equation whose degree is the Euler function ip{v) , and which 
is irreducible in the rational domain. Hence the roots of this equation 
satisfy the characteristic equation as well, and ^ ( J' ) ^g— 1. .'. j' = g,2g, 
or else it is prime to g . But in this last case the equation in the j'-th primitive 

* See Klein — Fricke, Vorlesungen liber elliptische Modulfunctionen, vol. 1, p. 701; Snj'der, 
American Journal of Mathematics, vol. 30, (1908); Scorza, Atti dell' 
Accademia Gioenia (1917). 
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roots is irreducible in K{e) (Kronecker). Hence one of the cubic factors 
above has for roots all the primitive I'-th roots, whence then <p{v) = 3 , 
!/ = 2 , 3 , 4 , 6 . Thus finally v can only have the values 2,3,4,6,g,2g. 

The case v = 2q may be excluded at once for then the multipliers are neces- 
sarily the quantities — e"' and J^' is the ordinary multiplication present only 
when the curve is hyperelliptic. There remain then only the possibilities 
J/ = 2, 3, 4, 6 or g. Through J2 the points Ai, A2, Az are transformed into 
new points A[ , A'^ , A[ , for by the discussion of No. 140 it is readily seen that 
Czp' possesses no other transformations than an S' T^ leaving the set of (^ )'s 
invariant. These new points are coincidence points for the transformation of 
order q,Y.T YT'^ . Let A'l be the transformed of A'i by T^''^ , or of Ai by 
T''~^ X! • The (^*)'s are also coincidence points for a certain transformation 
of order q , and I say that an ^ *^ can be neither an A'^ nor an A . For other- 
wise Y~^ fh-h ^ would transform an A into another, and therefore 
^-1 j'k-h ^ _ gj fk _ gy^ if j ^ this is impossible for the two transforma- 
tions are of different orders q, and three, while if j = 0, it leads to 
^ jik ^-1 _ fk-h ^ again impossible whether k ^ h, a,s the two substitutions 
have then different coincidence points, or still worse k = h 7^ . Thus the 
existence of X! brings as a corollary that of ( g + 1 ) sets of three Weierstrass 
points. The sum of the orders of the (y4*^)'s is obviously equal to the sum of 
the orders of the (^ )'s, that is, to p (p — 1 )/2 . The sum of the orders of all 
the Weierstrass points thus obtained is (q + l)pip — l)/2 = p{p^ — 1). 
But this is the sum of the orders of all the Weierstrass points (Hurwitz), hence 
Csp' can have no others. Thus the Weierstrass points are grouped in sets of 
three and any birational transformation X) merely permutes the sets among 
themselves. This follows from the fact that if X! permutes for example Ai 
with A\, A\ is critical for a definite transformation of order q, Yj T YT^ > 
whose cyclic group is uniquely defined by ^} , and hence also the corresponding 
set of three coincidence points to which Y^i and X!^3 necessarily belong. 
This set can only be ^i , ^2 , ^3 • Henceforth the set of ( ^* )'s will be denoted 
by(^*^). 

150. I say that S permutes at least two sets {A'') . For if it maintained 
them all fixed, S T would permute q of them cyclically which is impossible as 
its order is three. Assume then that S permutes (^*'+^) with some other set. 
The transformation U = Y"^ T~'' ST'' Y which is of order three permutes 
cyclically (A) with two other sets, say (A'^), (A^) in the order named. On 
the other hand the number of sets is g + 1 which is prime to three, hence S 
must maintain fixed at least one set other than (A), say (A'''^^) . Then 
f-h 5 f» is a transformation of order three maintaining invariant (A) and 
(A^) and it may be assumed without inconvenience to be S itself. Finally if 
V = UT,weheiYeV{A) = UT{A) = {A^),V{A^) = UT{A') = U{A') 
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= (A) . It follows that V^ maintains (A) invariant and can only be of order 
one, three, or q and V therefore of order 2, 3, 6, or q since 2q is excluded. 
It is also obviously not of order 3 or g . Hence V is of order 2 or 6 . 

It is at once verified that the effect of V on the point Ai is expressed by one 
of the relations 

VSAi = SVAi , VSAi = S' VAi . 

Hence either VS = SVT^ , or VS = S^ VT^ . If & p^ we must have one of 
the relations 

F-i 5-1 V8 = T", F-i S-2 VS = T" 

which is impossible for f* maintains (A) alone fixed, while the other sub- 
stitutions maintain both (A) and (A') fixed. Thus, if there is a transforma- 
tion X! of Csp', not an S* T'' , there is one V of order 2 or 6, such that VT~^ is 
of order 3, and that moreover either VS = SV , or VS = S^ V . 

151. Let us examine now the effect of the birational transformations S* T* 
on the integrals of the first kind. It is seen at once that they transform a 
linear combination auj + buj+p, + cuj+^v into one of the same type. We 
have there 3g birational transformations and if we range the integrals in suit- 
able order, their transformations will be represented by arrays such as 



Bu 0, 
0, 52, 








Bt, 



where Bj is itself an array of one of the three following types 



€"S 


0, 







0, 


t"' 


0, 


f'"^'. 





J 


0, 


0, 


0, 


0, 


f)^^"/ 




,x^„,^ 


0, 







0, 
0, 



0, 


e" 


0, 





,X2«.', 






corresponding to P, SP , S^ P , respectively. The array of the (J5)'s 
represents also a complex multiplication. Each set contains q multiplica- 
tions of which q — 1 are independent and between the three sets of g — 1 
independent multiplications thus obtained there are no linear relations. 
Since 1 + h = 3{q — 1) , these multiplications form a base. Therefore any 
multiplication can be represented by an array such as that of the (-B)'s with 
now any one of the (5 )'s of the form 



gzie^), 



9'2 ( € ) , 

giie^), 

gz{n, 



9'3(f) 

giU"^') 



the {g)'i being polynomials with rational coefficients, 
obtained when e is replaced by e"' . 



For example, Bj is 
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152. Let us assume in particular that we are dealing with the complex 
multiplication defined by the birational transformation V of No. 150, and let 
us represent the typical Bj just written by 



ai, 


di, 


as 


bi, 


b2, 


h 


Cl, 


Ci, 


C3 



If we express the fact that VS = SV or S^ V we find that this array is neces- 
sarily of one of the two forms* 



a, 


h, 


c 




c . 


a, 


b 


> 


b, 


c, 


a 





a, 


b, 


c 


b, 


c, 


a 


c, 


a, 


b 



Finally the multipliers are roots of one of the two equations 



c, 
b, 



b, 

a — X, 
c, 



c 
b 

a — X 



= 0, 



a — X, 
b, 
c, 



b , c 

c — X, a 
a, b — X 



= 0. 



153. What are these multipliers? When V is of order ttvo, they can only 
be + 1 and — 1 , taken one p' times and the other 2p' times in the set of p 
multipliers, or else — 1 taken Sp' times. But this last case may be set aside 
as it presents itself only for hyperelliptic curves. Similarly I say that + 1 
cannot be taken 2p' times. For then V would leave invariant 2p' integrals 
of the first kind, hence it would determine an involution of order two and genus 
2p' on Czj,', involution which must have 2p - 2{2-2p' - 2) = 2 - 2p' ^ 
coincidences, which is impossible unless p' = 1 , q = 7 . Hence except for 
this last case when dp' is Klein's quartic, if V is of order two, there are p' 
multipliers equal to + 1 , and 2p' equal to — 1 . The numbers a,b,c above 
are numbers of the domain K{e) and when we replace e by €*= we do not 
change the roots of the equations at the end of No. 152, if they are rational 
or roots of unity of degree prime to q . Hence these equations will all have 
— 1 for double root and + 1 for simple root. The sum of these roots is — 1 
and their product + 1 . 

154. When V is of order 6 , the multipliers can only be 1 , jj^ , j?"^ , or — 1 , 
17* , 7?~* , taken each p' times ( i? = e^"i^ ) . The first possibility can again 
be set aside, for then there would be on the curve an involution of order 6 
and genus p' , with 2p - 2 - %{2p' - 2) = 10 - 6p' coincidences, which 
requires here also p' = I , q = 7 . The second and only possible set of multi- 
pliers are the distinct roots of x' + 1 = . Their sum is zero and their 
product — 1 . 

* See Klein-Fricke, loc. cit. p. 704, for a similar computation corresponding to g = 7 , p' = 1 . 
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155. We can now show that to V there cannot correspond a type array 



a, 


h, 


c 


c, 


d, 


b 


h, 


c, 


a 



for any B . For if F^ = 1 , the condition as to the sum of the multipliers 
gives at once 3a = — 1 . On the other hand VT~^ must be of order three. 
But to this transformation corresponds an array of (5)'s of which a typical 

one is 



ae, 



he, 
ae^, 

C€^% 



ce 
be^ 



The corresponding multipliers which can only be 1 , i? , ij^ are roots of 

be, 



ae 






ce 
ce", ae'^ — X , be^ 



= 



ce'^ , ae" — X 

a(e + e^ + e^') = 1 + rj + n 







and as 3a = — 1 , we must have e + e'' + e*"^ = which cannot be since q 
has been assumed > 3 and e is a root of the irreducible equation 



l+x + x'' + 

If F^ = 1 , we must have first 3a = 
V is of the type 



Its square 



+ x8-i = . 
Hence the array corresponding to 



0, 


b , c 




c, 


0, b 


, 


b, 


c, 




2bc, 


cS b^ 


h\ 


2bc, (? 


c^ 


hK 


26c 



must be a matrix whose cube is unitj^ Hence again 66c = 0, and either 6 
or c = . Assume for example 6=0. Expressing the fact that the multi- 
pliers of V have — 1 for product we have c' = — 1 , hence c = — 1 , 17^ or 
rT^ . The values 7] ** are to be set aside for c must be a number of the domain 
Kie) and cannot be a root of unity of degree prime to g . As to — 1 it must 
be set aside for then VS would be a birational transformation with multipliers 
all — 1 , and Csp' would be hyperelliptic. Our afBrmation is therefore proved. 
156. Let us now consider the array 



a. 


b, 


c 


b. 


c, 


a 


c, 


a, 


b 
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Assume first F^ = 1 . 
— 1 , hence 



The sum of the multipliers is zero and their product 



a + 6 + c = 0, 



a, 
b, 
c, 



h, 
c, 
a, 



= - 1 



which cannot be since the determinant just written has a -\- b + c iov factor. 
It remains to consider V^ = 1 . We have then a + b -{■ c = — 2 + 1 = — 1- 
Moreover since the square of our array is the identical substitution we must 
have 

be + ca -{- ab = , 
.". a{— 1— a)+bc = 0, a = be — a? , 

Finally since VT~^ is of order three, 







are 1 , 57 , 77^ . Their sum and the sum of their double products must be zero, 
hence ae + be'' + C€^' = , 



and similarly b = ca 


-¥,e = 


ab — c^ . 


Finally 


the roots of 








ae — X, 
be\ 


be, 

ce^ — X, 

ae'\ 


ce 
ae' 
be'' - X 



.(1+^) 



{ae - b-") + €<'+''' {be - a^) + e'-^+''^ (ab - (^) = . 



By means of the relations above and since 1 + X + A^ = , mod. q , this last 
equation reduces to ae''- + be'' + ee'"' = , from which follows 

a b c 



^l-A 



The denominators are double the imaginary parts of powers of e not divisible 
by q , hence they are not zero. Substituting in be + ea + ab = , we have : 



+ e' 



(e3 + e-3) + e'-^ + e'-' - {e'^^+'^ + e-'(i+^^ ) 



+ e^"^' + e-^+" - ( e^^^+"^ + e~^'^^+''^ ) = . 

If we compare the first exponent to the others mod. q, and remember the con- 
gruence satisfied by X , we find that it cannot be equal to any of them unless 
X = — 2., - 4/5 or - 1/5, mod. q, and since X'* = 1 , mod. g, it is easily 
seen that q must divide one of the integers 9, 126 = 2-32-7, 189 = S''- 7 
and therefore must be 7. For g > 7 the equation which e must satisfy is 
certainly not its irreducible equation since it has less than 5 — 1 terms, or has 
g — 1 terms perhaps for g = 13 , but with coefficients certainly not all equal. 
The only possibility is then q = 7,p' = l,p = S, when C33,' is Klein's 
quartic. The relation just obtained is identically verified and in fact this 
curve possesses as shown precisely by Klein a binary transformation such as 
V and its group is the classical Gm generated by S, T, and F. For further 
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details and in particular for the equations of the group the reader is referred 
to his work (loc. cit.)- This ends the proof of the theorem of No. I48. 

157. The properties of the curves whose discussion is now complete may be 
summarized thus: The curves of minimum genu^ possessing a cyclic group of 
order q , odd prime, constitute a finite number of birationally distinct families. 
Their total group is the cyclic group of order q ivith the exception of: (a) A hyper- 
elliptic family present, whatever q , and whose group is of order 2q cyclic, (b) 
A family present only when q — 1 is divisible by three whose group is of order 3g , 
unless q = 7 when it is the classical Giss • The indices of the Jacobi variety are 
given by 

l + h = 2{l+k)==2p = q-l 

and the variety is pure except in the case (b) when 

1 + h = 2(1 +k) =6p = 3(q - 1), 

and the variety is impure. 

Remark: The variety of rank q corresponding to the group of order q has 
no congruence of spaces for g > 7 , or for 5' = 7 and Klein's quartic, as then 
the product of the multipliers is + 1 and the Jacobi variety possesses a triple 
integral of the first kind (No. 127). For q = 5 the first variety is ruled as 
shown by Enriques and Severi. The only doubtful case is then that of the 
hyperelliptic curve present for g = 7 . 

§ 3. Curves with four critical points 

158. Let us consider first two hypergeometric integrals 

I (x — aiYj^ix — a^y^ix — y)^^ dx, 

Xh , , , 

{x — ai)^ (a; — ai^^lx — yY^ dx. 

We assume that they have a meaning whatever the limits g ,h, which requires 
that 

bi> -I, 6- > - 1 (i = 1,2,3), 

61 + 62 + 63 < - 1 , b[ + b'2 + b'^< -I. 

Let us denote by wi, coi the two integrals corresponding to g = a-i, h = y 
and by W2 , oii those corresponding to g = a2,h = y . Can there exist a bilinear 
relation 

Til Wl '"^i + 7l2 Wi 0)2 + T2I W2 Oil + T22 0)2 W2 = , 

where the (7)'s are independent oi y1 To answer the question set first 

Trans. Am. Math. Soc 31. 
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2 = u>i/oi2, z' — aji/w2- As is well known 2 satisfies Schwarz's differential 
equation * 



iydy^ \dy^} _ 1 



X , 1— M 1 \ -{• ix — V — \ 



x = (6l + 63 + l)^ M = (&l + fc2 + l)^ !' = (62 + 63 + 1)^ 

If the bilinear relation in question exists, 2' , a linear fractional function of 2 , 
must satisfy the same differential equation, and therefore 

(6i + 64 + 1) = ± (h\ + 6;; + 1) {i^k- i,k = 1,2,3). 

By considering the various combinations of signs we find the following four 
possible types of relations: 

(a) bi = b'i (i = l,2,3), 

. (b) l + bi= -b'i (i = l,2,3), 

(c) l + hi= -h'j, l + bi= -b\, - 1 + 6, = b[ + bi + b's, 

in which case 6» , bj , b'i , b'j are > and bk, bi < . 

(d) bi = b'j , bj = b'., -b', = bi + b2 + bz + 2. 

The case (o) is to be rejected for then 2 would be a constant, and when any 
of the three sets of relations {b), (c) and (d) are satisfied the bilinear relation 
certainly exists as is known from the theory of Schwarz's differential equations. 
To calculate the coefficients we recall that according to Picard the group of 
the hypergeometric differential equation satisfied by wi , u^ possesses the two 
fundamental substitutions f 

(wi, C02; >7i wi, (tji — i73)<wi + W2); 
( wi , 0)2 , coi + ( 772 — ■?73"^ ) W2 , 172 W2 ) ; 

By accenting all quantities we obtain similarly the group corresponding to 
coi , W2 . The bilinear relation whose existence is discussed must be invariant 
when corresponding substitutions are applied to the (a!)'s and the (w')'s. 
This yields six equations of the first degree between the (7)'s. It is found 
that they are sufficient to determine their ratios provided we have 

(Vi - rid) {112 - Vs^) ^ ivi - Vs) {v'2 — V3 ) 
(l-77i)(l-772) {l-rj[){l-V2) 



* See Picard TraiU d' Analyse, vol. 3, second edition, p. 333. 
t Picard, loc. cit. p. 324. 
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This is at once verified for (b). As for (c) or (d) we have either 



or 



JJi — '71, 


^72 = '72, 


Vs — '71 '72^ '73 , 


Vi = '72, 


■n'2 = rji, 


'73 = '71 572^^ '73"S 



and by means of one or the other of these relations the equation of condition 
is readily verified, as was to be expected. 

159. We are now ready to undertake the investigation of the curve Cp 
with four critical points. One of these being assumed for the present at 
infinity, the equation of the curve will be 

y" = {x - aiY'ix - ttiYHx - as)"' 

with the (a)'s positive and < q, their sum being prime to q. The genus is 
p = q — 1 and Cp depends upon a single modulus — the anharmonic ratio of 
the critical {x)'s. We shall assume this modulus arbitrary and propose to 
determine above all the invariants of the Jacobi variety and next the total 
group of our curves. 

To Hj corresponds a number of integrals of the first kind given by 

r. = r («! + Q?2 + 0:3) "I _ r nj ai "I _ [" nj a-j 1 _ f rij as "I 

and they are of the form 

{x — ai)'^i {x — a2)''i{x — as)^3dx , 

the (jS)'s having the same meaning as previously. If ry = 1 we shall take 

^^^ -^l^ (^ = 1,2,3), 

while if Tj = 2 there will be another integral which we shall choose so that it 
differ from the first only in that Vy = ^{ — {l/q)nj a^ -\- 1 . We can of course 
choose two other analogous integrals by permuting 1,2,3 but they are linear 
combinations of the two just considered. We recall that the period matrix Q, 
is composed with the arrays 

T = ||Tyi,ry2|| , 1 1 1 , e"' , • • • , e^*-^"^ 1 1 , (i = l,2, --..p), 
where 

aij.+ l 

dUj. 



f' 



an 



160. Since fi is a Riemann matrix there certainly exists an alternate bilinear 
form 

(6) Zt..(6"S€"')x^2/, 
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in the sense of Chapter II. The (7)'s are such that 

7,x.(a;, y) = - y,^{y, x); 
y^.it"' , e"') = if % + Wi^O, mod. g. 

The ratios tji/tj2 are certainly variable for otherwise our curves would all 
have the same period matrix and would not depend upon a variable modulus. 
It follows that the form (6) is unique. 

Can there exist forms of any other type? Whether it is alternate or not 
assume that such a form leads to an actual relation between the periods of Uj 
and Uk , that is, that the quantities 7^„ ( t"' , e"* ) are not all zero. Then one 
of the sets of relations (6), (c), {d) of No. 158 must be satisfied. (6) leads to 

m ai = — nh ai , mod. q (i = l, 2,3,4), • 

.'. Uj -\- nh = Q , mod. q, 

that is, the (7)'s are all zero except when «"' and e"' are conjugate. The 
calculation of No. 158 shows that the bilinear relation existing must be unique 
and as in the case considered (6) already is one there can be no other. 
The conditions (c) lead to, for example, 

rij ai = — nuai, tij a^ = — n^ax, mod. q . 
Uj as = — nh{a\ ■\- a-i -^ az) = n,}, an , mod. q . 

Hence mod. q, either 

ax = ai, Uj = — nn, 
or 

ai= — ai, Uj = nu, az=—ai. 

In the first case we are in the same situation as before. In the second Cp is 
birationally equivalent to 

(7) y" = ( ) . < a < g . 

We can take ai = 1 , a^ = q — I , az = a, and find that 

which shows that for each value of rij there is only one integral and a bilinear 
relation such as contemplated in the second case cannot exist. The discussion 
of conditions (d) is the same as for (c) and the answer negative as well. 
Hence fi possesses no other bilinear form than (6) . 

161. To determine h, k we must find out if there are other curves than (7) 
for which ry = 1 whatever j . We shall see that this is not the case. 
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If Tj = 1 whatever j , fl is composed with arrays 

I|ryi,ry2|!, II 1, €',€«, •••,6(9-»^' II (j = 1 , 2, ■ • ■ , g - 1 = p ) . 

The calculation outlined in No. 158 leads to the relation 

'''a-y, 2 Tjl — e' Tq-j, 1 Ty, 2 = 0. 
Tq-J, 1 T], 1 

and therefore fl can be put in the following form, where only the j-th and 
{q — j)-th rows are written: 

i,e, t, , t , Tj , tTj, , I ] t 

1 f-i f-2} ... f-(9-2)y. T-.J ~. ... T-.f-d-iM 



fi = 



Denote respectively by h^, 5^ , the cycles corresponding to the periods e" , 
T\ e" , in the first line, the indices being taken mod. q. If we apply to the 
integrals and the cycles the binary permutations 

U'j = Uq-j (j = 1,2, ■■■ ,p) 

S;~5_^; 5;~5i_^ (m = 0,1,2, •••,9-1) 

fi is unchanged. Hence Cp possesses a corresponding binary transformation 
U whose genus is ^p for it maintains invariant the integrals Uj + Uq-j and 
no others. 

Let ( X , 2/ ) be any point of Cp , (x' ,y') its transformed by U . The integrals 
of the first kind are all of the form 



/ 



IX (.T — ai^i dx 



By reasoning as in No. 145 we find therefore again that U merely permutes the 
critical points. The equations of U are of type (2) and it is not the ordinary 
transformation present in hyperelliptic curves since its genus is not zero. 
Besides U must permute every critical point for if it maintained two of them 
fixed, the anharmonic ratio of the (a)'s would not be variable as was assumed. 
If then U permutes Ai with A^ and A3 with A^, we must have (No. 138) 

— = — . ^ = — , mod. q 

ai ai az ai 

and as we may always take ai = 1 , it is seen at once that we fall back upon 
(7), as was to be proved. 
In accordance then with Chapter II, if there are four arbitrary critical poinis, 
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the Jacobi variety is pure, its indices being given by 

(l+h) =2(l+k) =p = q-l 
unless we deal with (7) when the variety is impure and 

1 +h = 2(q - 1) =2p, 1+k = 3(q - 1). 

162. Let us investigate more closely the question of birational transforma- 
tions. We know that if Cp is not of type (7) its total group is cyclic of order q 
(No. 142). It remains to consider the curves (7). 

In the first place if a = 1 , the curve is hyperelliptic. The ordinary trans- 
formation then present shall be denoted by S , and the binary transformation 
of genus p', as before, by U . We propose to show that hi general Cp possesses 
no other transformations than S , T , U and the products of their powers. 

In the first place the birational transformations f^ , T'' U , define the two 
multiplications 



Uj = t^' Uj 



(i = i,2, 



', v), 



and among those 2q multiplications exactly 2 {q — I) = I -\- h axe linearly 
independent. If we write the integrals in suitable order the most general 
multiplications will be represented by an array 

J5i, 0, •••, 



0, 
0, 



B 



2) 







B, 



IP 



B,= 






The array Bj may be 



where g, h are polynomials with rational coefficients, 
written more simply 

9, h\ 

h, g\ 

We first remark that if Cp is hyperelliptic Ai may be permuted with the three 
other (^)'s by one of the three transformations S , U , SU = US, while if 
Cp is not hyperelliptic, A may be permuted with only one of these points, and 
that by means of U . But as a matter of fact the two cases, hyperelliptic and 
the other, need not be separated in the discussion. 

163. Let us now assume that there exists a transformation V of Cp not a 
product of powers of those already known. The binary transformation 
W = V~^ U-V may or may not permute the (A)'s among themselves. We 
propose to show that in both cases we are led to an impossibility. 

To begin with if W permutes the (^)'s merely among themselves it must 
belong to one of the three types UT" , ST", UST'' . But if f* 5^ 1, these 
transformations are of order 2q at least as seen by a reference to their complex 
multiplications. Hence necessarily T* = 1, and UV = VU , VS or VUS . 



= 0. 
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If V corresponds to the array of the (B)'s, we obtain by comparison of the 
arrays for UV with those of the other three substitutions, one of the systems 
of relations 

(a) 9 = g,_ h = h, 

(h) g= -h, 

(c) 9 = - 9, h = - h. 

The equation in the multipHers of V is 

g -X, _ A 

k, g - 

This equation must be reducible in K{e), whence, as in Nos. 149, 151, the 
only possible systems of multipliers (1, — 1), iv > V"^) > (i) ~ i) > iv^ , '?"* ) > 
{i^ , i~^) , ( — €*, — e"~*), corresponding to the orders j' = 2,3,4,6,g,2g 
for F. 

164. In the case of relations (a), g and h are real and the equation in the 
multipliers is x^ — 2gz + g^ — h^ = . Let Xi , x^ be its roots. When xi = 1 , 
X2 = — 1, we have g = 0, h = ± I , hence V = U or SU* In the other 

■iVS ( €^ e~^ ) 

cases h takes the values ± * , ± -x- > ± ^^ ^ , all imaginary whereas h 

must be real. 

In the case of relations (&) the equation in the multipliers is 

x^ - {g -\-g)x = ^ 

and must be rejected since no multipliers can be zero. 

Finally in the case of relations (c), the equation is x^ + fe^ = 0. Since li 
is purely imaginary, W- = xi X2 is a negative real number, and therefore 
necessarily a;i = l,a;2= — 1 , h = ± i. But ^ is a number of the domain 
K{€) , and therefore cannot be a root of unity of degree prime to q . Hence 
V cannot correspond to any relations such as those just discussed. 

165. Let us assume now that the binary transformation W of No. 163 
permutes the (^ )'s with points of another similar set. The multipliers of W 
must be 1 , — 1 , since it is not S , and if it corresponds to the array of (£)'s, 
we must have g ■-{- g = . g is therefore purely imaginary. If we set 
€* + 6"~* = 7]u, i^ ^ €~* = fi, the ( rj )'s are real and the ( D's pure imaginary, 
hence 

2 " 
g = 2li^i^i (ot rational number). 

«=i 

To TW corresponds an array of ( -B )'s with gt in place of g . More exactly, to 

* For by the remark at the end of No. 141 it is sufficient to show that to V~^ U or F"' SU 
correspond ordinary transformations of the Jacobi variety, and this is readily done. 
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the Bj of this array corresponds g{e^)- e^ , but if e designates a suitably chosen 
q-th root of unity, any one of these numbers can be set in the form ge . Now 
if we set jjo = 2 , it is at once verified that the real part of f »• e = |f i ( 571 + f i ) 
is equal to ^fi Ti = 2 iVi+i — Vi-i) ■ Hence the double of the real part of 
ge, or 

2 

ge + ge-^ = Z) a, ( Vi+i - H-i ) • 
1=1 

Finally since rjj = r}q-j, we can write 

a-l 
_ 2 

ge + ge-^ = X) a\ iv2^ - »?2(i-i) ) , 

4=1 

where the (a')'s are merely the (a)'s written in different order. If we write 
the equation in the multipliers of TW we see at once that this expression can 
only have the values 0, =±= 1 , =t (e* -he"'') . 

In the first case the (a')'s and therefore the (a)'s must all be zero. The 
second leads to 

ai = =*= 2 > a'l = a'z = ■ ■ ■ = a'^-i , 

2 

hence ge + ge~^ = =>= ^?; g_i =>= 1 ?^ =>= 1 , and therefore cannot occur at all. 

2 

In the third case we have, s being a suitable integer between and q — 1 , 



9^ + 9^' 


-' = =t Vis-, 










.'. a's — a'+i = 


d= 


1, 




Hence 


then ge + ge~^ 


= ■ 


-2a: 


± 5 



a, , I < s; a,+i = a,+i. 

5728 + 2ai+i rjq-i which can only be if 
a',+1 = a', = and we have here again a contradiction. 

The only possibility is then g = . But in this case UW corresponds to a 
multiplication of type u'j = Xy Uj , where tij is the integral which T multiplies 
by €^ . This multiplication is permutable with T , cyclic, and therefore, by a 
previous remark, W = US^ T'' or UT'' and hence must permute the (^)'s 
among themselves, contrary to the assumptions made. 

This completes the proof of the non existence of any transformations of Cp 
other than those belonging to the group generated hy S , T and U . 

166. It is at once verified that T'' U = UT~'' , hence every substitution of 
the group is of the form S* U^ T'' if Cp is hyperelliptic, or U^ T^ if it is not. 
Hence if Cp is not hyperelliptic, that is, if the integer a in (7) is > 1 , the group 
is of order 2q , while if the curve is hyperlliptic the order is 4:q . 

Observe that the curve can be reduced to the form 



^ \ax - 1) \ax + 1) ' 
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the equations of U being then x' = — x, y' = y~^ . For a = 1 we have, 
besides, S, whose equations are x' = — x, y' = y. The parameter a may 
be taken as modulus of the curve. 

Remark: For particular values of the modulus of which the curves with 
four critical points depend, there will be other birational transformations 
different from those considered. For example 

2jri 

y" = (x - 1) (x - ri) (x - ri^) , ?? = e s , 
possesses an obvious cyclic transformation of order three. 

§ 4. Curves with r + 2 > 4 critical points. 
167. We shall take the equation in the form 

(8) r = n (a; - a^r, 

4=1 

the (o!)'s of index < r + 2 and their sum being prime to q, with ar+2 at 
infinity. 

We may choose for the ry integrals of the first kind corresponding to rij , 
the set 

(O J 

'{x - aiy^ XX (x-a.i'fidx 



/' 



yn 



(7; = 1,2, •••,r,). 



Now the sums ai + aj cannot all be divisible by q. For then if r is odd, 
Zii=i «»• would be divisible by q , while if r is even 

r+l r+l 

2 X) «i = «i + «2 + 52 at + (ai + X) o^i) 

i=% {=3 

would be also, leading again to the divisibility of the same sum by q . 

Let us observe that since r > 2 we may arrange matters so that there will 
be at least three sums a^ + a^+i not divisible by q . For the worst conditions 
obtained are when: 

(a) r = 3 and we have a set of five exponents corresponding to the five 
critical points, such as: a, — a, a, a' , a" . Then a -\- a' + a" = 0, mod. 
q, and neither a' nor a" are = — a. One of them however may be = a. 
In this case the exponents in suitable order form a set such as a, a, a, a' , 
— a , and the sums 2a, 2a, a -\- a' are not divisible by q . 

(b) r = 4: and the set of exponents is a, — a, a, — a, a —a. In 
another order they form the set a, a, a, —a, —a, —a, for which the 
assertion is at once verified. 

Let then ai + a2 + , mod. q , and make ai tend towards a^ . Some of the 
integrals of the first kind will preserve their character for the curve Cp' limit 
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of Cp , where p' = ^ (r — 1) (q — 1) . I say that the integrals of the first 
kind corresponding to nj for Cp' will be linearly dependent upon these. For 
the limiting integrals which preserve their character form the set 

(a- - ai)^r[(.T - Ui^'dx, 

t=3 

where the (6)'s have the same value as above, and 

b' = ^y(«l + <^i) _ r % ( ai + 0!2 ) 1 I ^ 

1 L q J ' 

We must determine the range of the positive integer 7 . Recalling that 

q L ? J 

we see that if the integer [ — /3i — |8i ] , which < 2 , is equal to unity, we 
must take 7 = 1, while if [ — |8i — |8| ] = we must have only 7^0. On 
the other hand the upper Umit of 7 is r'j corresponding to ry for Cp. But 
r'. = Tj — [ — Pi — fii] , and hence in all cases 7 takes ry consecutive values. 
As the limiting integrals are obviously independent our assertion is proved. 
168. I say that if the array r possesses the bilinear form 

then the coefficients 7^^ vanish when e"' , e"" are not conjugate, that is when 
rij + nk ^ , mod. q . Since this has been proved for r = 2 , we may assume 
it correct for a curve with less than r + 2 critical points, then prove it for a 
curve with that number of critical points. 

Assume then first that the theorem is untrue. If the (7)'s are not zero 
for a particular pair of exponents nj , rik not congruent mod. q, they are not 
zero for any pair n, en, where c = nk/rij , mod. q , and hence if we replace in 
Z) Taii- ( «" > «"" ) ^-V yp the ( X )'s by the elements of a row of t corresponding to 
e" and the (2/)'s by the elements of a row corresponding to e"^ , then the form 
vanishes identically. Let us assume that there is at least one case where the 
corresponding integers r,, Vk are both > 1 — for example let this be so for 
rij, nic themselves. The critical points being ranged in proper order there 
will be three distinct sums a^ + a^+i, a^' + a/+i, a^" + «/'+!) i^o* 
divisible by q. If a^ is made to tend towards a^+i there will be two integrals 
of the first kind corresponding to Uj and nk preserving their character for the 
limiting curve Cp'. Let T;v , r^p ( j' , p = 1 , 2 , • • • , r ) be the corresponding 
elements of the array t . We have then X) 7^p ( «"' , «"* ) TjV Tkp = . Passing 
to the limit, t^v, Tkp become similar periods of the limiting integrals, say 
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^>v> t']cp> except that t]^ = t[^ = Q. Hence then 

and there will be such a relation for every pair of integrals of Cp' corresponding 

to Uj , Uk , and even more generally to ctij , crik . According to the assumptions 
we have therefore 

If we reason similarly when m is replaced first by ju' , then by fx" , we find suc- 
cessively 

T.P ( e"' , 6"' ) = TpM ( ("' ,€"*)= , p^fi'; 
7«,' («"'•,«"') = 7/m («"'■.«"') =0, 

which completes the proof in the case considered. 

169. The above may cease to apply: (a) When the integers ry corresponding 
to the sequence of exponents I, cl, c^l, c^l, •• • , are alternately + 1 and 
r — 1 , and the limiting curve Cp' possesses no integrals corresponding to the 
exponents for which r = 1 . But in this case the numbers rj corresponding to 
Cp' are all r — 1 which is impossible if r > 2 . The proof can therefore still 
be applied as between integrals corresponding to two exponents c'Z , c'+^Z, 
leading to 7;.„(€''*', e"'"*"^') = 0. But since the (7)'s are polynomials with 
rational coefficients, it follows that 7Mv(e"S f°"') = J^pi^"' , «"*) = 0. 
(6) When n,- = «& , r = 3 . In this case we are not certain that to a bilinear 
relation between the periods of Cp corresponds after passing to the limit a 
similar one for Cp' , at least if all the numbers ry of this last curve are equal 
to unity. Generally speaking let t'ji , t'j2 , r'jz and Tj\ , t'!^ , tV, be two lines of 
T corresponding to Uj. By assumption then 23 Tju-Ce"') ^')r\p.r'jy = with 
the relations 7^ ( e , e ) = — 7^j» ( e , e ) , for otherwise there would exist a 
bilinear relation between the elements of every row of t , the impossibility of 
which may be established as in No. 168. We have then in 

S7m.(«''s ^')^y.yv = 

the equation of a plane " line complex." — We recall that in a space of an even 
number of dimensions Unear complexes are degenerate. Hence there must 
exist a unique point (ti, T2, ts) of the plane, conjugate of both (ri, T2, t'z) 
and ( t" , T2' , T3' ) , relatively to the above complex. On the other hand when 
the moduli of Cp vary these points remain conjugate with respect to the same 
complex. But when the ( a )'s describe closed paths the ( t' )'s and ( r" )'s are 
transformed by a certain discontinuous projective group whose fundamental 
operations have been given by Picard.* Since the point (n, t%, T3) is 
unique it must be maintained invariant by this group. However a glance at 
*Annales de 1' Ecole Normale (1885). 
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the equation of its operations show that they leave no point invariant. We 
have therefore an impossibility, hence 7^^ ( e"-" ,«"■') = . 

170. It follows that for the curves with more than four critical points in 
general position the period matrix possesses a minimum number of bilinear 
forms and consequently for the Jacobi variety 1 + h = 2(1 + k) =(/ — !. 

171. coNCLtisiON. Our whole discussion may be summarized thus: The 
curves possessing a cyclic group of order q odd prime, of genus zero, with 
arbitrary coincidence points, do not possess in general any other birational 
transformations and their Jacobi varieties are pure with 

1 + h = 2{1 +k) = q - 1. 

Exception must be made for the curves birationally equivalent to the following: 

(I) 2/9 = a;2 - a2 . 

The group is then of order 2q , cyclic, the rest being as in the general case. 

(II) y" = {x - 1) (x - v)Hx - v"")'' 

/o — 1 — \ 

I " integer; rj = e =* . X^ = 1 mod. q I • 

The group is of order 3g if 9 > 7 , of order 168 if g = 7 (curve reducible to 
Klein's quartic). The Jacobi variety is impure with 

1 + h = 2(1 +k) =Qp = 3{q - 1). 

(Ill) y, = lR^L^(^A:±Y. 

The order of the group is 2g if a^ ^ 1 , mod. g , 4g in the opposite case. The 
Jacobi variety is impure with 

l + /j = 2(g-l), l + fc = 3/2(g- 1). 

University of Kansas, 
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